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1. INTRODUCTION

In the words of the great Carly Simon “ You probably think this song is about you. It
aint!”. (The second part isn’t part of the song.) That line was for myself, this introduction or
course is not about me. However, I would like to recall two short stories for your amusement.

The first time I encountered Betti numbers was during the 2017 CA+ conference when [
was a first year Master’s student at the University of Minnesota-Duluth. I could not fathom
who Betti was and why everybody wanted Betti’s number! Roughly 10 years later, I know
how to compute certain betti numbers, even graded ones, but it was not until writing this
introduction that I finally looked into who Enrico Betti was.

Perhaps it is a little bit of mathematical karma that when I took this course, as a first
year Ph.D student, the class was taught by a postdoc. Six years later I find myself in the
privileged position of teaching you this course; a privilege I shall not take for granted.

The notes follow Dr. Rafal Komendarczyk’s hand written notes closely. Occasionally, I
have diverged by adding extra examples or proofs that were not part of the original notes.
In particular, I added additional proofs in section 1 and greatly expanded the section on the
local degree formula (section 12). The two main sources for this course are Allen Hatcher’s
Algebraic Topology and James Munkeres’ Elements of Algebraic Topology. These notes are
guaranteed to have typos, please use at your own risk. Please feel free to sent corrections to
me at sroshanzamir@tulane.edu. Out of stubbornness, or “principle” as I like to call it!, I
did not use the help of an Al system in typing the notes.

I really enjoyed teaching the course in the order of Dr. Komendarczyk’s notes. The
sequence in which his notes were written made the most sense to me and the students and I
highly recommend it to anyone teaching algebraic topology in the future. Moreover, a special
thanks to Dr. Komendarczyk for all of his help throughout the semester and many hours
of conversation. I thank my students Harsh Mishra, Shehneer Khan, Isabel Pfaff and Amna
Farooq for their patience in learning the topic from a non-expert. Their many excellent
questions and astute observations kept me honest and enhanced everyone’s understanding
of the course. In particular, many thanks to Isabel Pfaff for catching numerous typos.

Finally, I have stylistically borrowed from my good friend and mentor Dr. Joe Gallian by
adding little quotes at the beginning of each day’s notes. Most of these quotes are by artist,
writers, and influential people I find interesting. The quotes are meant for your amusement
because after all, this song is about you.

“And remember this: the page you are looking at now, I once typed the words with care
with you in mind under a yellow light with the radio on.”
-Charles Bukowski


https://www.youtube.com/watch?v=j13oJajXx0M&list=RDj13oJajXx0M&start_radio=1
https://www.youtube.com/watch?v=j13oJajXx0M&list=RDj13oJajXx0M&start_radio=1
https://www-users.cse.umn.edu/~cberkesc/CA/CA2017.html
https://mathshistory.st-andrews.ac.uk/Biographies/Betti/
https://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://pi.math.cornell.edu/~hatcher/AT/AT.pdf
https://people.dm.unipi.it/benedett/MUNKRES-ETA.pdf

2. ALGEBRA REVIEW

Monday January 12:
“I can’t be a pessimist, because I'm alive. To be a pessimist means that you have agreed that
human life is an academic matter, so I'm forced to be an optimist. I am forced to believe
that we can survive whatever we must survive.”

-James Baldwin

2.1. Direct Products and Sums. Let G = {G,}.cr be a collection of groups indexed by
some set [. In Definition 1 we will define the “category-theoretic” definition of the direct
product althouh we won’t use that language. Moreover, in your homework you will show
this is identifiable with the usual direct product e.g. [Dum99, p.152].

Definition 1. A set theoretic description of [[, G, is

[[Ga=1{f:1— UsesGa| f(B) € Gp for all B € I},

which is endowed with the following operation for all f, h € H G, :

07

(fxh): I — UsrGq
(f = h)(B) == f(B) -a, h(B)

Note f(f)-a, h(3) makes sense as both f(3), () € Gg. The subscript is there to remind

us which operation are we using. As currently written the product H G, only describes the
ael
product as a set. One can actually show that ([[, Ga, *) is in fact a group. Moreover, H G,

ael
comes with natural projection maps, for each § € I the S-th projection map is defined as:

Wg:HGa—>G5

acl

ms(f) — f(B)

The product enjoys the following universal property: given another group, say H and a
collection of maps f, : H — G, for each o € I, there exists a unique map f such that the
following diagram commutes for any a:
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If one were to expand this diagram for a countable indexing set I then it’d look something
like the following where each triangle commutes.

H
N
ol \b\ &7
i f3
v ,WK
CQIGQ _\mx @
G

We will encounter other universal properties throughout this course so it is a good idea to
contemplate this a little bit.

Definition 2. The direct sum of GG, denoted @ G, has the following set theoretic descrip-
acl

tion:

©Go={f:1—=UacrGao | f(B) € Ggforall B ecl, f(B)# la, for finitely many 3},
ael
={f:1 = Uae1Ga | f(B) € Gg for all B € I, f(B) = 1g, for all but finitely many S}.

where 1, denotes the identity element of the group Gz. The set @ G, is endowed with the
acl

following operation for all f,h € & G, :
acl

(f#h) : T — UpesGa
(f xh)(B) == [(B) ‘a5 M(B)

It is clear that @& G, C [[G4. The elements of [[ G, are all maps with no constraints
ael acl acl

(except being in the correct target) and @ G, are those maps such that for all but finitely
a€el

many indices the output is not equal to the identity of the target. In general the direct sum

and product need not be equal. Let us see some examples where @& G, C [] Ga.-
ael a€l

Ezample 1. Consider the countable collection of groups G = {Z3},en. Using the “usual
definition” we see that

D Zy

aeN

::NOa

where Wy (pronounced a-leph zero) is the first cardinal number i.e. the smallest kind of
infinity which is countably infinite. This is because the direct sum of G consists of “countable
tuples of entries”, we only have two choices for each entry and all but finitely many entries

are non-zero. One can construct a set-theoretic bijection between @ Z; and N. However,
aeN
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[] Zs is all possible binary sequence the cardinaly of which is
aeN

[][2z:| =2%

aeN

But 2% is uncountably infinite therefore @& Z, C [] Z».
aeN aeN

Ezample 2. Consider the collection G = {R},cg. This is an uncountable collection of the
group R (which itself is uncountable.) Note that

[[R={f:R—R}, and [J[R| =R~

a€R a€R

EBRR ={f:R— R f(x;) # 0 for finitely many real numbers z;, 1 <7 < k}
ac

Notice the direct sum can be identified with the following set of formal sums

k
{Zaixi | a2 € R, o # 0 for all z}

i=1

where the explicit map between this set and @ R is given by
a€eR

k :
Cif o=
Zaixi<—>f:R—>RWhere f(q:):{a’ =

— 0  otherwise

In your homework you will prove a more general fact which implies
&RC||IR
a€cR +_!££

Remark 1. For a finite indexing set [ the sum and the product are the same. That is if

|| < oo then HGa:@Ga.

acl ael

2.2. Module. A module is essentially a generalization of a vector space. Recall a vector
space is an abelian group endowed with multiplication from a field k, often taken to be C or
R. Throughout I will assume R = (R, +, ) is a commutative ring with unity 1.

Definition 3. An R-module M is an abelian group equipped with a “scalar” multiplication
map from R, that is a map
-t Rx M — M
(r,m) —r-m
such that for all m,n € M and r € R we have

r-(m+n)=rm+rn
(r+s)-m=rm+sm
g'(s'(fl))Z(T'RS)'M
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I will use - to denote module multiplication between elements of R and M and - to denote
multiplication in R. (Until I get tired and drop the subscript.) Moreover, If the ring R is
understood or is just some arbitrary ring, I may occasionally drop the word R-module and
just say module.

Remark 2. If we did not assume R is commutative then Definition 3 would technically
define a left R-module. A right R-module would be defined analogously. The commutative
assumption however allows one to not have to distinguish between the two.

Wednesday January 14:
“You always have to realize that you're constantly in the state of becoming, you know?”
-Bob Dylan

Example 3. e Every abelian group GG is a Z-module. The multiplication rule for any
2 €250, 2 €Zpand g€ Gis

z-g=g-g---gand 2 -g=(=g) - (=g)---(—g).
—— >

(.

Y v
z—times |2/ |—times

e In the case when the ring R in Definition 3 happens to be a field an R module is just
a vector space.

e The polynomial ring C[z] is a C-module. Do you think it is also an R-module? How
about a Z module? Is the polynomial ring Z[z] also a C-module?

e There is nothing special about one variable. In fact for any ring R, the polynomial
ring R|xo,...,2,] is an R-module. Make sure you know the rule of multiplication.

2.3. Basis of a Module and a Universal Property. Recall that for an abelian group
(M,+), a subset S C M is a generating set for M if we can write every element of M as a
finite combination of elements of S. More formally S is a generating set if and only if for all
me M

n
m = st . gk gk = Z k;s; such that k; € Z.

i=1
The last equality is only notational, instead of writing - to denote the operation of M we
are using + to denote this operation as this is what we will use for R-modules. Definition 4
extends the definition of a generating set to one of basis for R-modules where the set S
satisfies the notion of “linear independence” as well. (This is all just extending the notion
of the basis of a vector space.)

Definition 4. A basis of an R-module M is a subset B C M such that:

(1) for any m € M there exists a finite subset {b,...,b,} C B where m = Y .  rb;
with r; € R.
(2) For any finite subset {b;,...,b,} C B and r; € R we have

if?“1b1+"'7“nbn=0thenr1:7“2:---:7%:0'

Caution: Unlike vector space land where every vector space has a basis, it is not true
that every R module has a basis. Those that do are special and are called free R modules.

Example 4. (1) Every ring R is a free R-module where the multiplication rule is given
by -r and the basis is 1g.
(2) The set {1,z,22, 23,...} = {z'};en is an R-module basis for R[z].



(3) A good exercise (and perhaps a quiz problem!) would be to write an R-module basis
for Rz, y].

0]
(4) The group Z™ := Z@ Z--- @ Z has a basis given by {e;}/"; where ¢; = [1]; that
N—————
_O_
is 1 appears in the ¢-th spot. In fact the same is true for R™ when perceived as an
R-module.

Definition 5. Given any set X, the free R-module generated by X (or spanned by X) is
given as

R(X)= @ R={f:X — R| f(x) =0 for all but finitely many z}.

zeX
The cardinaly of X, denoted |X|, is called the rank of R(X).

In fact one can show that X is indeed a basis of R(X). Before introducing the universal prop-
erty of a basis let us define an R-module homomorphism. Recall that a group homomorphism
was a map that “respected” the group operations. Intuitively, an R-module homomorphism
is a map that respects the group operations as well as the rule of multiplication by R. Here
is the formal definition.

Definition 6. Let M and N be R-modules. An R-module homomorphism is a function
¢ : M — N such that for all m;,ms € M and all r € R:

® ¢(ma1 +my) = ¢(m1) + ¢(my)
e ¢(r-yymy) =1-n¢(my) (the left hand side uses the rule of multiplication for M and
the right hand side the rule of multiplication for N.)

The intuition behind Theorem 2.1, which I won’t prove, is essentially a generalization of
the following fact: when dealing with vector spaces it is enough to define a map on a basis
only. The map then uniquely extends to the rest of the vector space. The same is true for
R-modules.

Theorem 2.1 (The Universal Property of an R-module basis). An R-module (M,+, ") is
free with basis X if and only if given any other R-module (N,+y, n) and any function
h: X — N, there exists a unique R-module homomorphism h, extending h to all of M, that
18

h:M— N, andh(z)=h(z) for alz e X.
Theorem 2.2. Any R-module M is a quotient of a free R-module.

Proof. Let X be a generating set for M. For example one could choose all of M as a
generating set for M. While this is an inefficient choice it shows that M has at least one
generating set thus our choice is not bogus. Note that X C M and by Theorem 2.1, the
inclusion map i : X — M, which is defined as i(x) = x, uniquely extends to an R-module
homomorphism h : R(X) — M. Note that R(X) is a free R-module (Definition 5). Moreover

n
the map h is onto; for m € M the definition of generation implies m = Z r;x; where x; € X
i=1



and r; € R for all i. The first isomorphism theorem™ implies

R(X)

ker(h)

*All three isomorphism theorems for groups also hold for R-modules. While I won’t prove
this the proof is essentially identical to the group case.

Next we are going to focus on Z-modules, however most of these results hold true for
R-modules where R is a Principal Ideal Domain (PID).

=M U

Friday January 16:
“I believe, every day, you should have at least one exquisite moment.”
-Audrey Hepburn.

Theorem 2.3. For any subgroup G C Z™ there exists a basis {by,..., by} of Z™ such that
G = Z{kby,...,k.b.) wherer < m, k; € Z for alli and k; | k;11, that is G is a free Z-module
generated by {kib, ... k.b.}.

Corollary 1. For any finitely generated Z-module G with a basis of size m, there exists
ki,..., k. € Z with k; | ki11 such that

Z Z
CGEZD DZD—@ - . 2.1
M@Jﬁz@ @]{;TZ/ ( )

m-—r ~~
r(torsion part)

Moreover the choice of k;’s depends only on G.

In expression Equation (2.1):

e the integer m — r is called the free rank or the Betti number of G,
e the integers k; are called the invariant factors of G,
e and the form in which G is decomposed is called the invariant factor decomposition
of G.
One can massage Equation (2.1) into a slightly different shape by writing a prime decompo-
sition of each k; and using the isomorphism

Z Z_ y4
T’ZEBSZ_S’FZ

2

(where ged(r,s) = 1)

to write Equation (2.1) as
Z

Z
G220 0ZB(—=5)" D - B (—
S——— ptZ

- . (2.2)

m—r

where a; is the sum total of the number of times the prime p; appears in the prime decom-
position of all the a;’s. Equation (2.2) is called the elementary divisor decomposition of G.
You can find all of this in [Dum99, Section 5.2].

Our main interest in basis and decompositions 2.1,2.2 is the ability to express maps be-
tween Z-modules in terms of matrices. It enables us to do “linear algebra” over Z. If I forget
to mention it, our morphisms going forward will be considered as module homomorphisms
as in Definition 6.
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Upon fixing a choice of basis for Z" and Z™ any homomorphism
A WA

can be identified with an m X n matrix with Z entries

ayj; a2 ... Qin

921 A22 ... QA9p
Af =

Am1 Am2 .. Qmp

such that for any = € Z", where x is written in terms of the basisi.e. x =) | x;e;, we have

T

f(x) = Ay~

In

Our goal is to reduce a matrix with integer entries into something analogous to “reduced
echelon form” in linear algebra. To do so certain operations on matrices with entries in Z
are allowed, namely:

e exchanging rows ¢ and k,

e multiplying a row by —1,

e replacing row i with (row i)+q(row k) where ¢ € Z and k # i.
Moreover, the same kind of operations can be performed on the columns. These opera-
tions are allowed because they essentially amount to a change of basis of the domain (row
operations) and a change of basis of the codomain (column operations).

Theorem 2.4 (Smith Normal Form). Let G = Z™ and G' = Z™ i.e. free abelian groups of
ranks n and m and f : G — G’ be a homomorphism. Then there exists basis of G and G’
such that

bp 0 ... 0
0 b ... 0
2 ' O
Ap = - (2.3)
0 0 ... b
0 0

where b; > 1 and b; | biyq for all 1 g-i <. The matriz Ay -z's called the Smith normal form

of f.

If one is willing to accept the fact that any subgroup of a free abelian group is free i.e. if
G C Z™ then G is free, then Theorem 2.3 becomes a corollary of Theorem 2.4. To make this
more precise, since G C Z™ which makes G free, then by Theorem 2.4 one can find basis for
G and Z™ to achieve the smith normal form for the i : G — Z™, the inclusion map. Using
the first isomorphism theorem one concludes Theorem 2.3.

2.4. Reduction Algorithm. Next we are going to describe the two-step reduction algo-
rithm which is a procedure for putting a matrix into its Smith normal form. This procedure
produces an algorithmic proof of Theorem 2.4.

(1) A= (a;;) is a matrix with integer entries not all of which are zero.
(2) a(A) = min{]a;;|}, the smallest value of the absolute values of a;;’s.
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(3) An element a;; is called a minimal entry of A if a(A) = a;;.

The two steps of the reduction algorithm for a matrix consist of reducing a (step 1) and
reducing the dimensions of the matrix involved (step 2).

Step 1: Use elementary row operations to decrease the value of the function o. (remember
we can only work with entries from Z.)

Lemma 1. If a(A) fails to divide some entry of A then it is possible to decrease the value
of a(A) by applying elementary row operations to A; and conversely.

Proof. The proof is not complicated or hard but rather just a book keeping proof. See

[Mun84, page. 56| O
Ezample 5. Let A = [g _57} and note a(A) = 2 which does not divide every entry of A.
2 —T7| Ro=Ry-Ry |2 —T| Rosky |1 12| Ry=—2R+R, |1 12
[3 5] - {1 12} ” [2 —7] ~ [0 —31]
Co=—12C1+C2 |1 0 | Co=—c» |1 0O
~ [0 —31] ~ {0 31}

Step 2: After step 1 we have achieved a matrix where «(A) divides every entry of A.
Perform row/column swaps to position the entry a;;, where a(A) = a;;, to the a;; position
of the matrix (upper left corner) and make it positive. Since aj; divides everything in its
row and column we can use appropriate row/column operations to make the first row and
column zero. Our matrix now looks something like:

fots
A/
We then repeat steps 1 and 2 for A’ which is an (n — 1) x (n — 1) matrix.
3 0

0 10
not divide every entry of A Lemma 1 implies we can minimize a(A).

e R R R i el e B

The reduction above can be interpreted as showing the cokernels of the maps ¢ and ¢’ are
isomorphic.

FEzample 6. Let A = . Our first step is to make sure o(A) is minimized; since it does

3 0
622 0101, (6) = 3Z @ 10Z; cokernel(¢) z Z.Z
: ;. 1lmage = . coKerne = —= -
» 1mas ! Z.6 2 32010z

10
0 30, . Z & 30Z; cokernel Z_~Z
— "~ 2% image(¢) = Z& 30Z; cokernel(¢) = o> = o0

Since ¢ is a result of ¢ by “legal” matrix operations their cokernels should be isomorphic
which is indeed the case.

¢l:22
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3. CHAIN COMPLEXES AND HOMOLOGY

Wednesday January 21:
“Ring the bells that still can ring. Forget your perfect offering. There is a crack in everything.
That’s how the light gets in.”

-Leonard Cohen.

3.1. Definitions and Background. We will use the concepts developed in Section 2,
namely doing linear algebra over Z, to compute homology of chain complezes.

Definition 7. Let {C,},cz be a sequence of abelian groups along with a sequence of homo-
morphisms

0p : Cp = Cpy
such that 0, 0 d,41 = 0. A running assumption for us is that C, = 0 (the 0-group) when
p < 0 (although this is not necessary.) Such data of groups and maps can be represented as

Spi1 s 51 5 0
"'Cp+1p—>Op—p>Cp_1p—>Op_2"'Cl—l)Co—>0.

We call this data of groups and maps a chain complex, denoted by C, = (C},d,)pez. The
maps 9, are called boundary maps. The subscript p is called the grading of Cl,.

Remark 3. Given a chain complex C,, if there is an m > 0 such C}, = 0 for all p > m we
define the dimension of C, to be m; denoted by dim(C,). If m < oo we say that C, has
finite dimension. Occasionally this is called "the length of C.”.

Here are some examples of complexes.

Example 7. Here is a somewhat trivial example. Take 4 copies of Z and all 0 maps.
0—z-5z-5z %z %o

Example 8. Let k be a field of characteristic 0 and R = % In your homework you will
show that

0—R-% RS R—0,
is in fact a chain complex
Example 9. Show that

0—Zy —25 Zg -2 Z, — 0,
is a chain complex.
Observation 3.1. The condition ¢, o d,41 = 0 in Definition 7 shows that
Im(6p41) C ker(6,) C C,.
This observation leads to Definition 8.
Definition 8. Given a chain complex C, the k-th homology group of C, is defined by
ker(dy)
I (8p41)’

and is denoted by any of the following equivalent notations
ker ()
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The direct sum of homology groups is denoted by H,(C,) and is given as
k>0

Notation 1. For a given chain complex C.:

e the module C, is said to be in homological degree p,
o (), = is the group of p-chains,

Z, := ker(,) is the subgroup of p-cycles,

B, :=1Im(d,1) is called a subgroup of p-boundaries,
e p-boundaries C p-cycles C p-chains.

Z
Therefore H, = Ep and the slogan for homology is “cycles mod boundaries”. A typical

p
element of H, looks like [a] = a + B, where @ € Z,. When clear I'll avoid using the [¢]
notation and just write « to represent an entire equivalence class.

Recall from Definition 3 that any R-module is an abelian group equipped with multipli-
cation from R. Therefore it is sensible to consider a sequence of R-modules in Definition 7.
While there is a beautiful and active area of research that deals with computing homolo-
gies of R-modules, broadly called homological (commutative) algebra, our focus will be on
chain complexes C, = (C,, d,) that are collections of “finitely generated free Z modules” i.e.
C, = Z" where k, > 0.

Ezxample 10. Let C, be a chain complex where Cy = Z and C; = Z% for i« > 1. I won't
specify what the maps are but the complex will look like

5 5 5 5 5
A Sy A A A S Al Sy A |
~— ~— Ny ~~ ~—

Cy Cs Ca Ch Co

Clearly ¢y is the zero map. The key point is the choice of C), allows one to use Theorem 2.4.
Upon fixing a basis for each C; one gets that J; can be represented by a 2 x 1 matrix and
for i > 2, each §; can be represented by a 2i x 2(i — 1) matrix.

Our main objective is to answer two questions about the homology groups of chain com-
plexes of finitely generated free Z-modules:
e Can we compute these homology groups?
e What is the Betti number and the Torsion part of each group?
For the remainder of section 3 I will assume that all chain complexes consist of finitely
generated free Z-modules.
Recall a free Z-module meant that there are no relations among the generators. Consider
Notation 1 and note that both Z, and B, are free subgroups of C}; because a subgroup of

Z
a free group is free. However, the p-th homology group H, = gp is only finitely generated

p
and not necessarily free. Corollary 1 implies that
H=2Z2¢--- LD Z@ S £ (3.1)
P ﬂ—/ kZ k.Z '
ZPpr N =~ -
T

where rank(H,) = 5, and is called the p-th Betti number of the complex C, and T stands
for Torsion.
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3.2. Computing Betti numbers and Torsions of ,. Theorem 3.2 gives a decomposition
of €}, from which we will extract the needed information in Corollary 2.

Theorem 3.2 (Standard Bases for Free Chain Complexes). [Mun84, Theorem 11.4] Let C,
be a chain complex of finitely generated free Z-modules. For each p there exists subgroups
Up, V, and W, such that

Co,=U,V,®&W,

z

where 0,(U,) C W,y and 6,(V,) = 0,(W,) = 0. Moreover, W, is a uniquely determined
subgroup of C, while V,, and U, are not. Furthermore, there exists basis for U, and W,_;
relative to which the map o, : U, — Wy,_1 has the form

b 0 ... O
0 by ... O

) (3.2)
0 0 ... Yy

where b; > 1 and by | by | b3 | -+ | ;.

Friday January 23:
“In order to control myself, I must first accept myself, by going with and not against my
nature.”

-Bruce Lee

Proof. In step 1 we construct W), and V,, and show each is a summand of C},. The summand
U, is constructed in step 3.
Step 1: Fix p and suppose C), = Z" and C,_; = Z™. Then part of C\ looks like

Spt1 s
"'Cp+1p—+> C, —5Cpy —---

~— =

~zn ~zm

Recall Z, = ker(d,) and B, = Im(d,+1). Define W, as the set of elements ¢, of C,, where
some multiple of ¢, is in B, that is

W, ={c, € C, | m- ¢, € B, for some m € Z.}.

In your homework you will justify that W), is indeed a subgroup of C, as well as the (x)
inclusions
B,cw,cz,ccC,
The subgroup W, is called the weak boundaries. Using the definition of H, = g—’; and
Equation (3.1) we get the projections
T T2 Hp T P
Zy —» Hy, = — = 7, —» ?WhereW:ﬂzom.

T

p p
You will show, as part of your homework, that ker(r) = W,. Thus the first isomorphism

~

H
theorem implies — =2 —~. Since — is finitely generated and torsion free group then it is a
Wp Tp Tp

Z Z
free group thus Wp is a free group. Fix ¢; + W, ..., cx + W, to be a basis of Wp and fix a
p p
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representative cy, ..., ¢ of each class. Moreover, W, is a free group (why?), so fix dy,...,d,
be a basis of W,,. Then one can show that c;,..., ¢, dy,...,d; is a basis of Z, thus
Zy= V, @& W, . (3.3)

Notice that W), is uniquely determined because the torsion part of H), is uniquely determined
by Corollary 1.

Step 2: By Theorem 2.4 we can choose basis e1, ..., €, €141,...,e,and €}, ..., e, ¢ 4,...,¢
for C}, and C},_; with respect to which 9, looks like:

/
m

/ €1 € ... € €41 ... €y
Ty o0 L T
I B
/ .
@l oo .40 (3.4)
i1 0 ... 0 0 .. 0
e; DoTeL Pt
m 0.0 |0 .0 |
where b; > 1 and by | by | b3 | - -+ | b;. Next, we will prove the following:
(1) €141, - ..,y is a basis for Z,,
(2) €},...,¢e is a basis for W,_q,

(3) biel, ..., b is a basis for B, = Im(d,).

Let ¢, be a general element of C, to which we will apply to boundary map d,.

n l
o . /
Cp = E ae; = 6p(cp) = E a;be;
i=1 =1

Note that ¢, € Z, = ker(d,) if and only if d,(c,) = 0 if and only if a; =0 for all 1 <1 <1
since all b;’s are non-zero and e}’s are linearly independent. Thus Z, = Z(ej41, .. ., e,) which
proves (1). By Equation (3.4) it is clear that b€}, ..., bie] is a generating set for B,_;. Since
none of the b;’s are zero and e}s are independent we get that biel, ..., be; is independent
and (3) follows. To see (2) note for each 1 <4 <[, the element €] belongs to W,_; because
b; - €, is inB,_; thus Z - (e},...,e;) C W,_1. To see the other inclusion, let ¢,_y € C,_; i.e.
Cpo1 = Yo, diel such that ¢, € W,_;.

Acpo1 € By for X #0

=\ 1 = 9,(c,) for some ¢, € C,.

m l
= M€, =Y abie; = di=0forl <i<m

i=1 i=1

l
=Cp—1 = Z dze; S Z<€/1, ce ,62)

=1
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Finally, since €}’s are independent, part (2) follows.
Step 3: Using our choice of basis in step 2 let U, be the group spanned by ei,..., ¢
therefore

=002, =U,0V, oW, (3.5)
Z

where the second equality follows from Equation (3.3). By definition of Z, we have d,(V,) =
9,(W,) = 0 and Equation (3.2) follows from step 2 (ultimately it’s from Theorem 2.2.) O

Monday January 26:
“What keeps my heart awake is colorful silence.”
-Claude Monet.

Corollary 2 is the same as [Mun84, Theorem 11.5]. It requires a fixed choice of basis (and
orientation). I we won’t get into that, just note that I am not telling you the entire truth.

Corollary 2 (Betti Number). The decomposition of the p-th homology group of C, is given
by

H,2Z%oZ/mZe - oZ/rZ (3.6)

where B, = null (0,) — rank (8,41) and ry, ...,y are the entries in the Smith normal form of
the matriz opy1 @ Cpr1 — Cp.

Proof. Let M, represent the matrix in Equation (3.4). Rewriting our three observations
about M, we get

(1) the rank of Z, is given by the number of zero columns of M,,
(2) the rank of W,_; is given by the number of non-zero rows of M,,
W,_
3) =272/ Z @ & Z/hZ.
B,_1
We will not directly use 1 and 2 but I wanted to have this interpretation written somewhere.
Using Equation (3.5) we will write a decomposition of H, = Z,/B, and keep in mind that

By = Im(6,-1).

H:égvp@wpm"/@%gé@%
P B,3s 00 B, b , 33 W, B,
. Zp . oy . . . Zp
Notice that —— is free (because it is finitely generated and torsion free) therefore — = Z4.
P P

W,
Since Fp is the torsion part and 3, is, by definition, the rank of the free part of H, we get

p
q = Bp. Finally we compute [3,:

B, = rank(Z,) — rank(W,) = null(6,) — rank(d,41) (3.7)
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and recall 5, = Im(d,11). Let

™ 0 0
0 r 0 0 .- O
0 O T 0 - 0
0 0 0 0
0 ... 0 0 ...0 |

be the Smith normal form of 6, : Cpy1 — Cp. Item (3) above implies

W,
Fp ~2Z/mMZ®- - ®Z/rZ.

p

Finally, putting Equation (3.7) and Section 3.2 yields Equation (3.6). O
Let us put all of this hard work into computing an actual example.

Example 11. Consider the chain complex
S (757 S
ATy S
~~ ~~
Cl CO

0 0.

Recall the rank of a matrix is the number of linearly independent columns. In fact rank(d;) =
2 because column(1l) = —1-column(2)+column(3) and one can show columns 2 and 3 are
independent. Moreover

-1 0 -1 -1 0 -1 100
1 -1 0]|~]0 -1 —1|~]0 10 (3.8)
0 1 1 0 0 O 0 0O
Case 1: p = 0. By Equation (3.7) we have
Bo = null(dy) — rank(d;) =3 —-2=1

Be careful that 5y = 1 only tells us that Hy contains a copy of Z but there may still be a

>~

torsion part. In this example however Hy = Z. We did not really have to compute 3, as
above because Equation (3.8) shows By = Im(d;) = Z? therefore

2, 7
- By Z2
Case 2: p = 1. From Equation (3.8) we see that Z; = ker(d;) = Z. Further B; = Im(dy) =

I

Hy Z.

Z
0 therefore H; = — = Z.

B,
Z;p=0,1
H,= ’ ’ d H.(C,)=eH,= Z Z .
’ {0;6186 " a ?p do@dl
eg eg

~
total homology of C\
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4. SIMPLICIAL COMPLEXES

Wednesday January 28:
“The day you catch an idea you fall in love with, even a small one, is a beautiful day.”
-David Lynch.

4.1. k-simplex. So far every chain complex you have seen has been pulled out of thin
air. Our real interest in computing homology is for simplicial complexes which arise from
collections of k-simplices and which we are now ready to define, picturially first, then a
formal definition.

V2

L IS

Vo @
Vo U1 Vo

F1GURE 1. From left to right: 2-simplex, 1-simplex and a 0-simplex

Definition 9 (k-simplex in RY). Fix N to be large enough. Given k + 1 ordered vectors

0, - - ., v, in RY that do not lie on a hyperplane, meaning the vectors v; — vy, . .., vy — vy are
linearly independent, the k-simplex (defined by vy, ...,v;) is the smallest convex set in RY
containing v, . . ., vg, denoted by [vy, ..., v;] and A*. Equivalently,

k k
Ak:[vo,...,vk]: m Ca:{ztzvz‘ztzzly tlzoandtzeR} (41)
=1

{001 }CCa i=1
CoCRYN is convex

For example one can write each simplex in Figure 1 as
[vo] = {wo}
[vo,v1] = {w =tovg +t1 +v1 | to +t1 =1}
[V, V1, v2] = {w = tovg + t1 + vy + tave | Lo + 11 + 2 = 1}
The order of the vertices of a k-simplex defines an orientation of the k-simplex as follows:
for any o € Sk, the permutation group on k elements we have
[vo, ..., vk] = (—1)""[2}0(0), o Uo(k))-

That is a k simplex is, up to a sign, the same the k-simplex attained by permuting its
vertices. Therefore the data of a k-simplex includes the vertices and their order i.e.

AF = [vg, ..., ] = {vo, ..ok}, <)
Moreover, any simplex AF inherits the subspace topology from RV,
Ezample 12. [Orientations of a 2-simplex] All the two simplicies [vg, v1, vs], [v1, Ve, vg] and

[V, g, v1] have the same counter-clockwise orientation. Moreover the 2 simplicies [vg, v2, v1],
[vg, v1, V0] and [v1, vy, v2] have the same clockwise orientation.
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A | Vo
[vofv’,,vl] ]:v,,, Vi, v,3

F1GURE 2. From left to right: 2-simplex with counter-clockwise orientation
[V, v1, V9] and a 2-simplex with a clockwise orientation [vg, v, 1]

Remark 4. Example 12 generalizes to a k-simplex. Given a k-simplex AF there are two
possibilities for the orientation of A¥. Moreover one can check that the orientation of a k-
simplex is an equivalence relation on the set of all k-simplicies with exactly two equivalence
classes. But we can’t quiet use the terms “clockwise” or “counter clockwise” to describe
them. If two k-simplicies differ by an even permutation they are in the same equivalence
class. Therefore one way to get a simplex with a different orientation is to switch two vertices
(when k > 2). A good example of this is demonstrated on [Mun84, p. 26].

Observation 4.1.

Given two simplicies [vg, ..., v;] and [wy, ..., w;] in R¥*! there is a canonical linear homo-
morphism

A RFFL 5 RFH
such that A([vg, ..., v]) = [wo, ..., wi] where A(v;) = w; for all i. This shows AF is uniquely
determined up to a linear homomorphism. Moreover, changing the order of vertices in AF =
[vo, - -, vx) to A¥ = (v - .., V()] an automorphism of R+ where sign(det(A))=(—1)ll.

Definition 10. The standard k-simplex is the k-simplex given by standard basis vectors e;
that is AF = [eg, ..., ex].

Ezample 13. Below is a drawing of the standard simplicies A' C R? and A? C R3.

fn
2 3
(=4
ig IRz ACR

CY)) 1\ "
2] «

Co)

J

FIGURE 3. Standard simplicies A! C R? and A? C R?

Definition 11 (face). A face of a simplex [vy, ..., v;] is a subsimplex whose vertex set is a
non-empty subset of the vertices {vg, ..., v} with the orientation inherited from the larger
simplex.
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For example in Figure 1, the 2-simplex has three 0-dimensional faces, namely the vertices,
three 1-dimensional faces namely the edges and one 2-dimensional face, namely the entire
simplex itself. Note the vertex set of a face need not be a proper subset of the vertex set
therefore the entire simplex is always a face of itself.

Ezample 14. Let A = [vo, ..., v be a simplex. A subsimplex of A is the simplex generated
by a subset of the vertices of A; see Figure 4. The notation v; is to denote the vertex we are

skipping.

N NN
[v"/ Y1y } %
[«
FI1GURE 4. Subsimplex and removal notation

Definition 12 (Interior/Boundary). The boundary of a simplex is the union of its proper
faces. The interior is then defined as the complement of the boundary in the simplex.

Remark 5. You can observe this in Figure 3. The boundary of A! are just the end points
which is the union of proper faces and the interior is the line segment with the end points
being empty. Moreover, with this definition the interior of a zero simplex is itself; the only
proper face is ) and the complement of () is everything. In particular, note these notions of
interior and boundary are different than those you defined in point set topology.

Friday January 30:
“Nothing is absolute. Everything changes, everything moves, everything revolves, everything
flies and goes away.”

-Frida Kahlo.

Definition 13 (Simplicial Complex). Let {A,}, where o € I and I is a finite indexing set,
be a finite family of oriented simplicies of various dimensions i.e. dim(A,) = k,. A finite
simplicial complex I in R™ is a union of such a family

IC:UAa

such that the following hold:
(1) For every a and every subsimplex (face) A, of A, we have A, € K. Said differently,
it A, C A, then A, € K.
(2) The intersection of two simplicies in the family is a face of each simplex with the
same orientation. That is A, N A is a face of A, and Az with the same orientation.
Example 15. One can check that Figure 5 gives an example of a simplicial complex where

K = [vo, v1] U [vo, v3] U [v1, va, v3] U [v2, v4].
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U1

U3 Vo V4

FIGURE 5. An example of a simplicial complex

Ezample 16. An non-example of a simplicial complex is given in Figure 6 where K' =
[V, U1, Vo] U [wy, wy, wy]. But note that [vg, v1, va] N {wy, wy, ws] is not a face of either complex.

Vo

%) (%1

w1

FIGURE 6. A non-example of a simplicial complex

Lemma 2. A collection IC of simplicies is a simplicial complex if and only if
e Fvery face of a simplex of K is in I,
o Fvery pair of distinct simplicies of K have disjoint interiors.
Proof. See [Mun8&4, Lemma 2.1, p.§] O

For example, Figure 6 demonstrates an example where the second part of Lemma 2 fails.

4.2. Abstract Simplicial Complexes. By now, you may have noticed that a simplicial
complex can be defined combinatorially and in fact, may other areas of mathematics e.g.
commutative algebra define it as such. Recall that ({vy, ..., v}, <) gives a simplicial complex
with an ordering

Definition 14 (Abstract Simplicial Complex). Any ordered set of vertices (V' = {vp, ..., v}, <)
together with a collection of subsets K = {A,}4, equivalently I C P(V), the power set of
V', defines a simplicial complex if and only if

e given A, € K, every subset A, C A, is also in I,

o for A,, Az € K, the intersection A, N Ag € K.

Example 17. Let V = {wy, ..., v3}. Observe that K = {0, {vo}, {v1,v2},{v1},{v2}, {v2,v3},{v3}}

defines an abstract simplicial complex.

An abstract simplicial complex I can be thought of as a labeling of a geometry complex.
More precisely we can visualize K in RIY! by choosing a basis of RIVI that makes {vo, ..., v;}
linearly independent. And letting

K| = UA“ where A, = conv({v, | vy € Ay}).
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I wish to emphasize this is only one way to realize an abstract simplicial complex.

Ezxample 18. A geometric realization of I in Example 17 is

U1 (%) V3
o o > o
Yo [U17 U?] [U27 U3]

FIGURE 7. A geometric realization of Example 17

Monday February 1:

“Continue to believe in what you do and how you do it. Continue to raise your own standard
among your own community of people. Never feel complacent, complacency is death... The
quality of your work will open doors for you forever. Keep working until you know it’s as

you want it to be; not to please others, but to have it as you want it to be.”
-Mira Nair.

4.3. Simplicial Chain Complex. Approximately 19 pages later, we have come to one of
the main objects of study in this course: simplicial chain complexes. Recall from Definition 7
that one needs two pieces of data to define a chain complex: Z-modules and maps between
them. We will extract these pieces of information from a simplicial complex. The groups
are defined in Definition 15 and the maps are defined in Definition 16.

Definition 15 (Simplicial Chain Groups). Let K = {A,} be an abstract simplicial complex
and {A”} be the set of m-simplicies in K. (Note this set may be empty.) The m-th simplicial
chain group of K is the free abelian group generated by Al's:

Cnlli2) = BZ=Z(AT, ., AR) =27

a1

If the set of m-th simplicies is empty for a given m then C,,(K;Z) :=
Example 19. Continuing with Example 17 we observe that
Co(K,Z) = Z{vy, v1, 2, v3) = Z*
C’l(IC Z) = Z{[v1, vo], [vg, v3]) = Z2
Cin(KC;Z) = 0 for any m > 2.
[

Given a k-simplex [vo, ..., v, let [vg, vy, ..., 0;, ..., Vy,] denote the k — 1-simplex we get
by removing the j-th vertex.

Definition 16 (Simplicial Chain Maps). We define the m-th boundary map as

S+ Con(C) = Con_1(K)

m

Sm([vo, - vm]) =D (=1 [vg, 01, ), -, V).

J=0

(4.2)

The map ¢, is also called the m-th boundary homomorphism.
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Recall from Theorem 2.1 that defining d,, on a basis of C,, is enough; ¢,, then uniquely
extends to all of C,,.

Lemma 3. For any m > 0 we have Im(0,,11) C ker(d,,) which is equivalent to 8,001 = 0.
Proof. Homework. O

Notice that Definition 15, Definition 16 and Lemma 3 describe the process of attaching
a chain complex (C,(K),d,) to a simplicial complex K. The m-th homology group of the
complez K is defined as

ker(d,,)
Hy(K) = Hin(C(K), 65) = T (4.3)
The m-th betti number of K is
Bin(K) = B (Cu(K), 0.) = rank(H,,(K)). (4.4)

Example 20. Consider the following simplicial complex. Let us compute simplicial chain

U1 d V3

FiGure 8. Simplicial Complex K

groups, maps and the homology groups of K = {[vg, v1], [vo, v2], [vo, v1, 2]}
Co(K) =2 Z{vg, v1,v9, v3) = Z*
C1(K) =2 Z{[vy, v1], [vo, va], [v1, va], [v1, v3], [vg, vs]) = Z°
Co(K)=Z(F)=Z

Thus the complex looks like

0 — Co(K) -2 C1(K) 25 Cy(K) 2% 0

Clearly dp = 0. Using Equation (4.2) we get
01 ([vo, 11]) = [Vo, v1] + (=1)[ve, V1] = v1 — vy
01 ([vo, v2]) = [Vo, v2] + (—1)[ve, Vo] = v1 — vy
01 ([ve, v3]) = [Ua, v3] + (=1)[ve, V3] = v3 — vy

Notice the exponent corresponds to the order of the basis vector and not its index. For
example in [vg, v3], vy is the “zeroth” basis and wvs is the “first” basis which explains the
notation. You can the other two to observe

-1 -1 0 0 0 1 0000
5 = 1 0 0 -1 1| 01000
! 0 1 —-1 0 1 00100

0O 0 1 1 0 00000



24

The rows, in order, correspond to vg,v1,vs,v3 and the columns, in order, corresponds to

a,b,c,d,e. We conclude rank(Im(d;)) = 3, null(é;) = 2

52(F> = 52([1]1,1)2,1}3]) = [UA17/U27/US] - [Ulaﬁ27v3] + [/017/0271;3] =C— d+ €

0 1
0 0
=(0) = 1 — | 0 | = rank(Im(d2)) =1, null(dy) =0
-1 0
1 0

Definition 17. Given a topological space (metric space) X a triangulation of X by a sim-
plicial complex K is a homeomorphism

h: Kl =X

Ezample 21. Below is an example of a triangulation of S? with the complex
IC = {[U07 U1, UZ]a [Ulv Vo, U3}7 [U07 V2, ’U3]7 [UOa Uy, UQ]}

TPump ai- in 7

NO%

FIGURE 9. Triangulation of S?

5. A-COMPLEXES

Wednesday February 4th:

“I dream of a quiet man who explains nothing and defends nothing, but only knows where

the rarest wildflowers are blooming, and who goes, and finds that he is smiling not by his
own will.”

-Wendell Berry. (One of my top all time favorite quotes.)
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A A-complex structure is a way of gluing simplicies together, or to a topological space,
where the maps are less restrictive than simplicial complexes Definition 13. Although you
may not immidiately see gluing maps in Definition 13, Figure 8 can be thought of as gluing
simplicies together. So at least you see the gluing intuition pictorially.

Definition 18. If X is a topological space a A-complex structure on X is a collection of
continuous maps {0, }aes where for a € J

0o : Ny — X
where dim(A,) = ko > 0 and A, = [y, 97, ..., yp] C R satisfying
(1) 0a

(2) if aﬂa: aa|Aﬁ where Ag C A, is a face, then o5 € {0,}aes (up to a linear homeo-

morphism i.e. 030 A € {0,}). In words, the restriction maps to faces, denoted here
as 0, are also part of the collection of maps we started with.

¢ Is injective where A, = Int(A,) and Int stands for Interior.

(3) Every point zy € X belongs to the unique og(Ag) = Im(oz), meaning J is unqgiue.
(4) A set u is open in X if and only if o, '(u) is open for all « € J.

Ezxample 22. Let X = S! ie. the circle. We put a A-complex structure on S! via the
following maps:

o0 1 Ao — ST where Ay = {vo}
oo(ve) = (1,0)
o1 : Ay — ST where A = [eg, e4]
(1,0) ift=egort=e;
{(005(27?15), sin(27t)) ift € Aol

To make sense of (cos(27t),sin(27t)), note A; can be identified with [0, 1] so each ¢, after
identification with this interval, indeed corresponds to a real number.

0'1(75) =

(S (2mt), sin{iﬁ'tl),
éfﬂ the0t,

[hﬂj

FIGURE 10. Delta Complex Structure on S*

We can check all four axioms of Definition 18.
(1) It is clear that alle is injective as values of (sin(t), cos(t)) are unique for ¢ € (0, 1).
1

(2) 01lteo} = 01l{ery = 00 Which is indeed a map in our collection {o,}.

(3) Note that the interior of the zero complex {vg} is just vy, see Remark 5. Therefore
the point (1,0) belongs to a unique interior. Furthermore, since the o; was injective
(from part 1) then every point of X belongs to a unique interior.

(4) You can check this pictorially.
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Ezxample 23. The goal of this example to describe a A-complex structure on RP?, the real
projective plane of dimension 2.

RP? = D2/~ where © ~ —zx, r € 0D?

This descriptions is taking the unit sphere in R* and moding by the equivalence relation where
we have identified antipidal points with each other. The space RP? can also be identified as
follows: each point of RP? corresponds to a line through the origin in R3, I will discuss this
more in class. The A-complex structure on RP? is given in Figure 11.

€1 €9
=(0,1) , v=(L1) V
€o o

by b }
v=(0,00 * w=(1,0 ¢ €1

FIGURE 11. A-complex structure on RP?

The reason the vertices v and w get their coordinates is because this picture can be thought
of as [0, 1] x [0, 1]. The left hand side figure should look like a square (despite it not looking
like one.) Table 1 gives the gluing data.

Dimension 0 Dimension 1 Dimension 2
V:{eo} = RP? [a:[fo, fi] = RP? u : [eg, 1, €a] — RP?
Vieg) = v a(t) =t-(1,0) u(ep) = (0,

W {e} — RP? —~ uler) = (1,1
Wi(ey) =w b [fo, f S RP2 u(ez) = (0,1
b(t)[ = (i]— £)(0,1) L : [eo, e1, €2] = RP?
~ e 20
€1) =
¢ [fo, f]%RP2 Lles) = (1,0
(fo) (1,1), c(f1) =(0,0)

TABLE 1. A- Complex structure on RP?-Gluing Data.

Note that
Ulfeg,er) = Lljeg,er] = €
Lljer,e2) = Uljeg,es) = b
Lleg,ea] = Ufer,e) © A = @ where A : [eg, e2] = [e1, 2]

5.1. A-Chain Complex. Given {0, }- a A-complex structure on X we define the A-chain
complex by:

C2 = Z{o,: Ny — X | dim(A, :(@z)
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where the boundary homomorphism is given by:

Lemma 4. 6; o 6g2, = 0.

Lemma 4 implies that (C£(X),d5) is indeed a chain complex called. The homology
groups of this complex are called the the A-homology groups of X and are denoted by

A ker(52)
Im(5k+1>
your homework.

. You will compute the A-homology groups of RP? from Example 23 in

Ezample 24. [Example 23 continued] The groups of the A-complex are given by

CHRP?) = Z{v,w) = Z?
CA(RP?) = Z{a,b,c) = Z°
CH(RP?) = Z{u, L)

B 5 58 5
0 —» Z{u, L) —Z{a,b,c) — Z{v,w) — 0.

Next we are going to compute the kernel, image and the matrix of each 6* using the data
in Table 1.

-For k = 0 it is clear that Im(§3) = 0 and ker(d5") = Z{v, w)

-For k= 1:

51A(a) al[fmfﬂ - a|[f0,f1] -w=v

A
51 (b) = b|[fo,f1} - b|[f07f1] —wev
51A(a) - al[fo,fl} - a|[f07f1] =v-v=0

a b c
A _ v |1 -10 100

ZaZ
Im(02) =Z — HE(RP?) = =50

I

z

In fact one can show ker(62) = Z(c,a + b). Regardless of this, the matrix of §2 shows
ker(60) X Z®Z =272
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-For k = 2 one should certainly consult Figure 11 as the maps are much more clear pictorially.
65 2 Z{u, L) — Z{a,b,c)
05 (1) = Uiy e1,e0] = Uljeoscren] + Uljegrer,n) = a — b+
52A<L) = L|[é07€1:€2] - L|[607é1762} + L|[607€176A2] =b—a+c
u v

1 1

c

all -1 10
(05)3x2 = b [-1 1]% 02| =>Im(6)=Z®2Z
00| "

ker(6f)  ZaoZ ~
Im(63)  Z@®2z

In particular we have shown that ker(65') = 0 therefore

I
1%

HA(RP?)

0
HY(RP?) = 5=0

Note: I believe the implication % was discussed in class. You do not need any facts for this,
from the entries of the matrix it is clear the image is isomorphic to Z & 2Z.

To summerize this example, we have computed each homology group i.e. its decomposition
as a finitely generated ableian group and therefore we have computed the Betti numbers of
RP? (with a A-complex structure.).

Z; k=0
HRRP?) =12Zy; k=1
0; otherwise

60(RP2) - 1
Be(RP?) = 0 for k # 0
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Remark 6. As Corollary 3 indicates, the zeroth homology group keeps track of path connected
components of X. A rough and somewhat imprecise intuition for the free parts of the first
and second homology groups are as follows: the free part of the first homology group keeps
track of “2-dimensional holes” and the free part of the second homology group keeps track
of “3-dimensional” holes. Consider the torus 7. We know H;(T) = Z% You can see this
pictorially below. Moreover, Hy(7T') = Z and that’s because if you were to fill the torus with
jelly, or your filling of choice!, there is only one such hole. On the other hand, the filled torus
T" will have H,(T") = Z and Ho(T) = 0. As another example of a “3-dimensional hole”, if
X denotes two spheres joined at a single point, then Hy(X) = Z2.

geh

1

dy
/"J
d

- . . No wore, 3—9&/\ holes
O)O L ,Q—omem.om( to j{m s0 H,Cr') <0 more

holes Jeny!
FiGURE 12. Rough Intuition for first and second homology groups

5.2. Euler Characteristic. Start with C,, a chain complex of finitely generated Z-modules.
The Euler characteristic of C, is the alternating sum of the ranks of the modules appearing
in C,.

Definition 19 (Euler Characteristic). Given a chain complex (C,, d,),ez of finitely generated
Z-modules i.e. C) = Z% for ¢;, > 0 we define

X(C) =Y (-1)e (5.0
k=0
The quantity x(C,) is called the Euler characteristic of C..

In Definition 19 if we specifically looks at a simplicial complex K and its chain complex
C.(K) Equation (5.1) becomes

X(C.(K) = x(K) = ) _(=1)" rank(Cy(K, Z)),
k=0
where rank(C(kC, Z)) corresponds to the rank of the degree k part of C, as a Z-module.
Similarly one can define the Euler characteristic via a A-complex structure on X.
Note that a triangulation Definition 17 is an example of a A-complex structure.

Example 25. Suppose K = 52, that is K is any triangulation of S?. Then x(S5?) is computed
as V — FE + F'; Vertices-Edges+Faces.
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Vertices | Edges | Faces | Euler characteristic:

N |
ame mage E | F | x=V-E+F

4 6 4 2

Tetrahedron

Hexahedron or cube

Octahedron 12 8 2
Dodecahedron 20 30 12 2
Ilcosahedron 12 30 20 2

6o a»

FIGURE 13. Euler Characteristic of S? does not depend on triangulation.

Friday February 6th:

“Getting ahead in a difficult profession requires avid faith in yourself. You must be able to
sustain yourself against staggering blows... That is why some people with mediocre talent,
but with great inner drive, go so much further than people with vastly superior talent.”

-Sophia Loren.

Theorem 5.1. Given a simplicial complex K and its chain complex C(K) we have

o0 [e.9]

X(CL(K)) = D (=) rank(Cy(K)) = Y (=1)* B (K)

k=0 k=0

Proof. The proof follows from a repeated use of Rank-Nullity theorem and keeping track of
the sum. Note that

rank(Cy(K))) = rank(ker(dy)) + rank(Im(dg)).
U

As an application/corollary of Theorem 5.1 we get that if one can show the betti numbers
Br(KC) are invariant under homotopy equivalence then we get that x(K) is a topological
invariant.

6. HOMOLOGY, A TOPOLOGICAL INVARIANT

The main goal of this section is to show either types of homology groups, the ones coming
from a A-complex structure denoted H2(X) or the ones coming from a simplicial complex
denoted HS™P(X), are topological invariants. Similar to the fundamental group of X, where
71 (X, xp) is an invariant of X under homotopy equivalence, we would like to know if the
same is true for Homology groups.

To make this precise, we need to understand: given a map between topological spaces
f X — Y can we get an induced homomorphism between homology groups i.e. f, :
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H.(X) — H,(Y)? The answer is of course yes and we shall make this precise during the rest
of this section.

Definition 20. Let A, = (Ay, ag)rez and B, = (By, fBr)rez be two chain complexes. A
family of homomorphisms f, = {fx : Ax — By} is called a chain complex homomorphism of
A, and B, if and only if the squares of the following diagram commute for all &.

Ak42 Ap41 a ak—1
Aps1 > Ap . » Apog ————— -
Sre+1 O T O fr—1

Br+2 l Br+1 l Jé; l Br-1
By > By, 2 y By ——— -+

Lemma 5. A chain complex homomormphism f, : (As,a.) — (B, Bi) induces a group
homomorphism f, : H.(A.) — H.(B.). More precisely for each k € Z, there exists a group
homomorphism, induced by f. where

fk: . Hk(AK) — Hk(Bk),
. ker(ay) ker(by,) (6.1)

. Im(aps1) — Im(bpsr)

Proof. One should focus on the middle part of the diagram in Definition 20 i.e. this proof
involves the map f;, and its source and target. Using the following two claims we prove the
result and then we prove the claims. For any k& we have

(1) fr(ker(ag)) C ker(by)
(2) fr(Im(ags1)) C Im(bea)
Firstly, (1) implies that fi|er(a,) : ker(ay) — ker(by) is a map with ker(ay) as its domain
and ker(by) is its target. Further note that Im(ax,1) C ker(ax) so it makes sense to apply
Ji|ker(ay) to Im(ag41). Item (2) implies there exists a well-defined quotient homomorphism
~ ker(ay) ker(by,)
" Im(ap)  Im(besr)

To be precise, there are two interpretation for the well-definedness of a map: is the image
actually in the target we claim it lands in? In this case the answer is yes by (1). Do different
representatives of the same equivalence class go to the same image in the target? The answer
is yes by (2) and I will leave this as a homework problem. To prove items (1) and (2) we do
what is called “diagram chasing”.

Proof of (1): Let ¢t € ker(ay), that is ax(t) = 0. We wish to show fi(t) € ker(by), that
is br(fr(t)) = 0. However, the commutativity of the second square in Definition 20 yields

bk(fk(t)) = fk_l(ak(t)) = fk—l(()) =0 and 1 follows.
[ leave the second item to you but the proof should be identical to (1). U
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7. SINGULAR HOMOLOGY

Let X be any topological space. A set of singular simplicies of dimension k in X is a
family of all continuous maps:

on=4c: AF X
——
(V0. y V]
where A¥’s are considered modulo linear homeomorphisms preserving orientation.
Definition 21 (Singular Homology of X). Singular chain complex of X is defined via the
following data: the groups are the free abelian groups generated by ¢’s, that is formal sums

25:1 n;o; where n; € Z and the maps are given by an alternating sum of restriction to faces.
More precisely:

CR™(X,Z) = CR™(X) = Z{ow) = Pz

oEo
S CIE(X,Z — CIE(X 2)
k
6zlng(7—) - Z<_1)l7—|[U07U1,...,ﬁi,...,vk]
=0

One can show, similar to A-complexes that 5Zingoézi_ﬁg1 = 0. To nobody’s surprise, the singular

homology is then defined as

) ) Zsing X

15X, 7) = e ) o 2 )
Bi(X)

where Z7™¢(X) = ker(5;¢) and B¢ = Im(dziﬁ).

There is a very nice discussion in [Mun84, p.162-163] about singular homology that I
highly recommend you read. It also explain exactly why §;* actually lands in C;"¢ i.e. why
is it that 7|jg,v,,...5,...0 a0 honest element of C;%. (It is not obvious from Definition 21.)

Monday February 9th:

“I have to constantly re-identify myself to myself, reactivate my own standards, my own
convictions about what I'm doing and why.”
-Nina Simone

Ezample 26. [Singular Homology of a point] Let X = {point}. Given any k-simplex A*
there is exactly one map, namely the trivial map from A* to X. Therefore up to linear
homeomorphisms preserving orientation there is exactly one map o, : A¥ — X. This
means any possible map you can write is the trivial map. Thus for every k > 0 we have
CY™(X) = Z{oy) = Z. So far we have

6sing 67;?% 5;ing 5iing 5Sing:0
— Z — L — - — L — Z 0

57"8(01) = 01[uy] — 1w} = O
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because the trivial map has the same value when restricted to any face.
58 () = T2 ljv1,00] — O1|[wo,wa] + T ljwo,on] = 02| [w1,00] = 01 = oS = 1d.
One can generalize this to any even or odd index to get

5zing: 0 ;k—odd
Id ;k—even

sz Nz Nz Mz %z Do
~— ~— ~— ~— ~—

Cy Cs3 Z{o2) Z{o1) Co
Z ; k=0

0 ; otherwise

H;¥({pt) = {

Lemma 6. If X is non-empty and path-connected then Hi™(X) = Z.

Proof. Recall Cy(X) = (1,) where 7, : Ag — X, where Ag = {vp}. So any element of Cy(X)
is a formal Z-linear combination of such 7,. Define the map

e: Co(X) — Z,
e(z kaTa) = Zk“'

Notice that € is an onto map and Z-linear. Since X is not empty, otherwise this whole
discussion would be empty, X has at least one point, thus Cj has at least one generator
and therefore € is onto. That is to say for any zg € X, there exists 7y mapping vy to xg.
Therefore for any k € Z, e(k - 79) = k. (In fact, slightly more is true: € is an epimorphism, if
you know what that is from category theory, a consequence of which is that € is onto.)

It suffices to show ker(e¢) = Im(d;). If true, then the first isomorphism theorem implies

Co(X)  Go(X) &
ker(e)  Im(6;) Im(d)

To this end, let v € Im(d;) i.e. 7 is the d; applies to some element of C}(X), which recall
are formal linear combinations of singular 1-simplicies thus

= Hy"(X).

v =0 <Z kaaa> where o, : [vg, v1] — X for all a.

Using the definitions of §; and ¢ we get

€(y) =¢ (51 (Z ka0a>> =€ (Z ka(al(aa))) =€ (Z ka(oal(oy — Ua|{vo})>

= | D kale(Talfoy) = €(Taliwoy)) | =0 = Im(6;) C ker(e).
« 1 1
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Let 7 = Z koTo € ker(e) € Co(X) which implies ) ko = 0, therefore k,’s are fixed going

forward, and 7, : {vo} — X with its image 7, (vy) = z,, which is a point of X. Next, we will
define an element, v of C}(X) whose image under ; equals 7 which finishes the proof. Fix
a point v € X. Since X is path-connected, for any point of X, in particular for the points
T, there exists a path between v and x,. Thus for each index «

Yo : [0,1] = X where 7,(0) = v, 7.(1) = 4.

Notice that v = Z koo is an element of C (X)) and is indeed our desired element because

«

61(’7) - 51 (Z koﬁa) = Z kadl('ya) - Z ka('yal{l} - 7a|{0})
- ;ka(@g) — (za: ka(@) = %:kafa — (%: ko )Ty =T

0
Notice that the last line uses two identifications of maps as follows: for each o the map 7|13
is, up to a linear homeomorphism, the same map as 7, : {vo} — X. The image of .|
and 7, are exactly the same, it is x, and the domains can be identified, via a linear homeo-
morphism, as the same. Since singular simplicies are defined up to linear homeomorphisms
preserving orientation, these maps are the same for us. An identical reasoning explains why
Yalgoy and 7, : {vg} = X, where 7,({vo}) = v, are the same map. (In class, I was identifying
Yal{1y and 7, as “z,” and just writing that, however we can’t really add points of X since it
does not have a group structure. So z, was being used as short-hand for both of the maps,
or if you like as a “representative for the equivalence class of both of the maps”.) 0

Wednesday February 11th:

“Your mind will answer most questions if you learn to relax.”
-William S. Burroughs.

Theorem 7.1. Let {Xs} be a collection of path-connected components of X. For every
k > 0 we have

1,(X) = @) Hy(X). (1)
B

Proof. Fix k and let o : A¥ — X be a k-simplex. Notice the image of this k-simplex, o (AF),
belongs to a unique path connected component X . Therefore for each k-simplex there exists
a unique [ such that:

o: AF s X

Inclusion



35

Therefore any element 7 € Czing(X ) has a unique decomposition indexed by the path-
connected components 7 = %7‘5 therefore

smg @ Osmg

This observation, that the singular (chain) complex structure of X induces a singular (chain)
complex structure on path-connected components Xz of X is the crux of the proof because

25 75 = ker(d;) = @ker 5’8 and Im(dy,1) = @Im 1)
B B

Finally, observe that

sing B ker(dy,) B @5 ker (9 B) N ker (5’8 Smg
H7(X) = Im(0ks1) D; Im(5,f+1) N @ (Im(é'g > ®H -

k+1

Corollary 3. For a topological space X where {X3} are the path connected components of

X
smg @ d

Bo(X) = number of path connected components of X.

)

To put Corollary 3 to words, Ho(X) is the free abelian group generated by the set of
path-connected components of X. Moreover the path connected components of X give a
grading of Hy"*(X).

7.1. Reduced Singular Homology. It is mildly disturbing that the zeroth singular ho-
mology group of a point is Z. For this, and a multitude of other reasons, it is desirable that
this homology group be 0. To accomplish this we will define another notion of homology
which is designed for this purpose.

Definition 22 (Reduced Singular Homology). The reduced singular homology group of a
topological space X, denoted by H ksmg, is the homology of the (reduced) chain complex:
6slng smg smg 6sm (5
s OSlng CZHI% _) _>CSlng OSlng _) CSlng 4 Z — O
CTE(X)

where the map € is defined as €(0g) — 1. From the definition of epsilon, it follows that
Im(d7) C ker(e).

Lemma 7 (Relationship between H"#(X) and H. Smg)

H™ k> 0.

H;Wﬂ(X) {Hgmg &Z: k=0.

As an immediate consequence of Lemma 7 we get:

Corollary 4. If X is path connected, then Hy(X) = 0.
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8. HOMOMORPHISMS INDUCED BY HOMOTOPIC MAPS

Definition 23 (Homotopic maps). For topological spaces X and Y, the maps f,g: X =Y
are (freely) homotopic, denoted f ~ g if and only if there exists F': X x [ — Y such that
Fl|xxqoy = [ and F|xxp1y = g. Note that I = [0, 1] denotes the unit interval and a different
notation would be to say F(t,0) = f and F(¢,1) = g.

Definition 24 (Homotopy Equivalent Spaces). Two spaces X and Y are homotopy equiv-
alent, denoted X ~ Y if and only if there exists maps f : X — YV and g : Y — X
satisfying

gof~idx, fog=~idy.
The maps f and g are called homotopy equivalences.

Homotopy equivalence is a weaker notion than Homeomorphism. It is straightforward to
show the if X and Y are homeomorphic, i.e. X 2 Y then X ~ Y. However, the backwards
direction is not true. If X ~ Y does not imply X Y.

Ezample 27. Suppose X = R™ and Y = {pt}. Then R™ ~ {pt}. One can show the maps f
and g

[ Apt} = {0} SR™g: R™ — {pt}
are homotopy equivalences.

Our goal for the rest of this section is to show that homotopic spaces have the same
(reduced) singular homology groups i.e.

X ~Y = H™(X) = H™(Y) for all k > 0.

Recall that in Lemma 5 we showed a chain complex homomorphism leads to a homomor-
phism between the homology groups. Next, we want to show a map between two topological
spaces induced a map on their chain complex groups. That is for all £ > 0 we have

f: X — Y induces f; : Cx(X) — cx(Y) Lemma 5 induces fi : H(X) — Hp(Y). (8.1)

The * implication is what we are proving next.
Wednesday February 18th:

“In order to create, the need to express has to be bigger than the fear.”
-Juliette Binoche.

Lemma 8. Given a map f : X — Y we can define an induced homomorphism f, :
Ci(X) — C.(Y) on the groups of their chain complezes given by

fr(o) = foo

AF 2 x oy
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Proof. To show the map f, is indeed a map of chain complexes we need to show the com-
mutativity of the following diagram for all k:

6i§+1 51? 62(71
> CR(X) > Cr_1(X) >
fr fr—1
o > Cr(Y) o > Cr1(Y) i >

For any 7 € Cx(X) where 7 = > k0, we have

512:/ © fk(T) = 5:(]616(2]{3&004)) = 52/(2]?(1(]019 © Oa)) = Zka((slg(fk o Ua))

D ka3 (1 0 Galicniivin)) = D kS (6700)

o =0 o
= fi1(00 1) = (far 0 07)(7).
where the equality * follows from the definition of f;_;. U

By Lemma 8 and Equation (8.1), any map f : X — Y induces a homomorphism on
homology.

Lemma 9. Given f : X =Y and g : Y — Z we have that (gof). = g.of«. Diagrammatically
this yields:

gof (gof)+
Proof. Homework. O

Theorem 8.1. If f,g : X — Y are homotopics, that is f ~ g, then for all k we have fi = gi
as maps where

Before proving the theorem we will use it to prove the following corollary.

Corollary 5. If X ~Y then Hy(X) = Hi(Y) for all k.

Proof. By Definition 24 there exists F': X — Y and G : Y — X such that FF o G ~ idy
and Go F' ~idx. For all kK Theorem 8.1 implies their induced maps on the Homology groups
are the same.

(F oGy = (idy ) : Ho(Y) — Hy(Y) (GoF)y = (idx)s : He(X) — Ho(X)  (8.2)
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Notice that (idy)x induces the identity map on Homology groups thus (idy)x = idm,(v)
and similarly (idx)x = idg, (x). By Lemma 9 we get:

Fy, 0 G, = (FoG)y = idgy, vy and Gy o F, = (GoF)y = id g, (x)
Therefore (F;)™' = G, which implies Hy(X) = Hy(Y). O
Remark 7. A note on Functionality of Homology.
In order to prove Theorem 8.1 we need the concept of a chain homotopy.

Definition 25 (Chain Homotopy). Given chain complexes (A, a.) and (B, f.) and a pair
of chain homomorphisms f, g, : (A, a.) — (B, by), we say that f., g, are chain homotopic
if and only if there exists homomorphisms

pr A — Brig
satisfying the following relation:
fe — gk = bky1 0 P+ P10 ag.
Diagrammatically this looks like

NN Ak+2 L Ak+1 Gk+1 N Ak Ak N Ak—l L
e e pan
Pk+1 fr+1 Gk+1 Pk fr 9k Pk—1 fro— 9k—1
/Bk 2 l l/ﬂk 1 ll/ﬁ l l Br—1
+— By u By s > By, ul s B | —m8m8—— -+

The collection of maps p, is called a chain homotopy between f, and g,.

Note in Definition 25, the map pj increases the homological degree by 1. Moreover the
focus of the diagram are the parallelograms as opposed to square (the situation for a diagram
to commute.)

Friday February 20th:

“Maybe that’s enlightenment enough: to know that there is no final resting place of the
mind; no moment of smug clarity. Perhaps wisdom...is realizing how small I am, and unwise,
and how far I have yet to go.”

-Anthony Bourdain.

Lemma 10. If f, are g. are chain homotopic then they induce the same map on homology.
Let the induced map on homology be denoted as H,(f.) and H.(g.) respectively, then

H.(f.) - Ho(As) — H.(B,)
H.(g.) - H(A.) — H.(B.)
H.(g.) = H.(f+)

We are now in position to prove Theorem 8.1.



39

Proof. Suppose f,g: X — Y are homotopic which recall means there exists
F(z,0) = f(x)
F(z,1) = g().

By Lemma 8 implies f and g induce maps on chain complexes C,(X) and C,(Y") which yields
the following diagram so far:

F: X x[0,1] — Y such that { (8.3)

4 5kX+1 5/? 515—1

e Opa(X) — 2 O (X)) — 2 Ou(X) — s O (X)) —

fk+2 gk+2 fk+1 9k+1 frx 9k fr— 9k—1

e T A

ey CraaY) — 2 O (V) — L Oy — s Oy (Y) —

Observe that by Lemma 10 it suffices to construct a chain homotopy between f, and g,.
The conclusion of Lemma 10 then is our desired conclusion. This means we need to construct

pr: Cp(X) — Crpa (Y)

that satisfies Definition 25 and our desired diagram will look like

52 1 5 5y
s Cra(X) — 2 O (X)) — s O (X)) —E s O (X))
frt+2 Gr+2 /Pk+1 g fr+1 Gk+1 Pk - fr 9|k pk—l// fr— 9k—1
blomy, blemy e bl
e Craa(Y) — 2 G (V) — s O (Y) — s O (V) —

where p;’s are dotted because we haven’t constructed them yet. The map p. has a cool
name, it is called the prism operator and it is constructed using the the F' in Equation (8.3).
The basic idea of pj is as follows: given a k-simplex of X i.e.a generator of Cy(X), say
7: AF — X, we need to produce k 4 1-simplicies of Y in such a way that Definition 25 is
satisfied. Given a k-simplex 7 of X, we will perceive it inside the space X x [0, 1] by viewing
it as 7 x id so its “shape remains the same inside the cylinder”; see Figure 14.
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FIGURE 14. A* x[0,1] € X x [0,1] for k —0,1,2

Notice that 7 x id inside the cylinder looks like a “prism” and we will cut this object into
some number of k£ + 1-simplicies in a way compatible with Definition 25. Composing these
cut up k+ 1-simplicies with F' yields yields k+ 1 simplicies of Y and therefore the desired pj.
I will also demonstrate this cutting process inductively for 0,1 and 2 simplicies of X before
doing the general case.
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k-’JQ: Ao:[&,j ~ Agjg[O;]] SIQO;JQJ
%

eD
2
N |
l('ﬁi- A =[€°fe|] fA X‘[DIJ"I? = [e"rﬁ;ﬁ] U[eo, e"fﬁ ‘]
o 4 I N—
‘. e, A A sobglivicles peces which are
¢ 3 3 two 5}mp1icie_j. Ttese are the

simplic:cs umf fo G{Eﬁinﬂ P
1

k2. Az‘ [ec,&,ez:{ AZX[-O,I]? :[e"’£ﬂ;£|,fz]UEeﬂrer,f,,fzju[e"fergbﬁz:r

-

FIGURE 15. A*x [0,1] € X x [0,1] for k —0,1,2

Note that the color coded subdivision of A? x [0, 1] is a subdivision of the same object, it
was just hard to draw in a single copy so I drew three different copies of the same object,
namely A? x [0,1] and showed each piece separately.

Moreover, A* x [0,1] # A*1 ie. there is no linear homeomorphism taking A¥ x [0, 1]
to A**1. This is precisely why we subdivide A* x [0, 1] into k + 1-simplicies. The object
AF % [0,1] is called a prism thus the name of py.

Fix a k-simplex of X say 7 : AF — X. Subdivide A* x [0,1] into the following union:

k

AR5 [0,1) = leos - i fir- - fil.

1=0
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Consider the map F o (7 xid) : A* x [0,1] — Y and observe that F o (7 X id)|eq,....c:firr ]
is indeed a k 4 1-simplex of Y i.e. F o (7 xid)lje,....es.firnfe] € Crr1(Y). Finally define

k
pi(T) = Z(_l)iF o (7 x id)’[eo ----- € fiseesfi] (8.4)

i=0
Since we have defined py on the generators of Cy(X), the universal property allows us to
extend the map to all of Cy(X) thus

P Cp(X) — Crpa(Y).

This was all just to define p,. Next we need to show p;. is indeed a chain homotopy, that is
for any k and 7 € Cy(X) the following is satisfied:

() = fu(T) = 03y 0 pi(7) + P10 63 (7). (8.5)
N ~- A ~ 2
Let us now roll up our sleeves and compute 1 and 2. Let 7 : [e, ..., ex] = X.
k
1= 613—5—1 (Z(_l)lF ° (T X id)‘[eo ~~~~~ €, fisers fk])
k li ’
Z (Z H_]F © (T X 1d)|[eo .......... €isfirerfi) + Z H_j—HF o (7— X id)|[eo ..... €irfireen fj...,fk]>
=0 7=0 Jj=t

k k
2= Pk—1© 52((7—) = Pk—1 (Z(_l)jT“eO ..... €y ek]) = Z(_l)] (pk:—l (Tl[eo ..... €jyenns ek]))

=0 =0

j—1
(Z 1)2FO (7_ X id)|[eg ..... €isfirers Fiveeor S + Z H_lFo T X 1d)|[60 ~~~~~ €jrees€ir s fk})

=0 i=j+1

- ”Mw

7j—1
(Z(_1> (_1)2F © (7- X 1d)|[60 ..... ei,f] ..... f ..... fk + Z Z+1F ° (7- X ld)l[eo ~~~~~~~~~~ e’uf] ~~~~~ fk])

j=0 i=0 i=j+1

Carefully adding the expressions 1 and 2 we get the following:
k

512:/—&-1 Opk(T) +Pr-10 5?(7) = Z (F © (T X id)'[eo 77777 €isfirnfr] T Fo (T X id>|[eo ..... €irfires fﬂ)
=0
(8.6)

However, Equation (8.6) is a telescoping sum, meaning all the middle terms cancel, because
of the following observation:
€0, s i fis firts s ol = €0y s €5 €001, fitts - fal-
Thus Equation (8.6) turns to
8.6 = F o (7 xid)|igy,f1,fo,. ] — F 0 (7 x id)
=goT— for=gi(r)— fulT)

The 7 in go 7 and f o 7 respectively refer to 7 : [fo,..., fe] = X and 7 : [eg, ..., ex] = X.
Therefore p, : C,(X) — Ci11(Y) is a chain homotopy as desired. O

|[60 ----- ek, fr)
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Example 28. As an immidiate example of Theorem 8.1, note that the cylinder S* x [0, 1] ~ S*
therefore they have the same homology groups.

N

S(’
N
|
—— )
S xle]

R (0 )= Hy (CZ:_}-Sj

FIGURE 16. A* x[0,1] € X x [0,1] for k —0,1,2

9. RELATIVE HOMOLOGY

Monday February 23rd:

“Play your own way. Don’t play what the public wants. You play what you want and let
the public pick up on what you’re doing...even if it does take them fifteen, twenty years.”
-Thelonious Monk.

Recall (X, A) denotes a pair of topological whenever A C X and a map of pairs f :
(X,A) — (Y, B) is the notation for f : X — Y such that f(A) C B. Our convention is the
pair (X, () is the same as the topological space X.

Given a pair (X, A) we would like to shift our attention to those k-simplicies of X that
are contained in A. Equivalentely, we would like to divide the indexing set of the cycles of
X as follows:

agexX)= P z=| P z|Pp| P z (9.1)

{r:AkF—X} {r(AF)Z A} {r(AF)CA}
——_—
Cr(X,4) CsmE(4)

Notice this decomposition implies that C;"8(A) = ( D Z) is a free subgroup of Ck (X))
{r(a¥)cA}

and Equation (9.1) implies

Ci(X)

Ci(A)

The group Ck (X, A) is called the relative k-chains.

Cr(X,A) =
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Lemma 11.

(1) (6;)(Ci(A)) C Cr-1(A)
(2) (5,(CX’A) cCp(X,A) — Cy_1(X, A) is well-defined and (5,(€X’A) o 5&’1’4) =0

An immediate consequence of Lemma 11 is that (C.(X, A), 5 is a chain complex called

relative singular chain complex of (X, A) and it follows that the k-th relative homology of
(X, A) where k£ > 0 is defined as

ker(505Y)
H (X, A) = —*% -
( ) Im(5<X’A))

k+1
For example, in Figure 17, ¢ is not a cycle in X but it is a cycle in X/A.

X4 X

)
s s

A shauld be a smale oot Sile,e]— X%
E(e,) + &cep
S(¢,), 6ce)EA

FIGurE 17. Cycles in X vs X/A

notice that d;(0) € Cy(A) which implies o is a relative cycle i.e. (5§X’A) (o) =0.

Remark 8. It is crucial to note that in general:

H.(X)

H.(A)

That is, while relative homology is related to the homologies of X and A it is not given by

taking the quotient of said homology groups. In fact we are going to explore the following
questions:

e describe the exact relationship between H,(A), H.(X) and H.(X, A),
o describe the exact relationship between H,(X/A) and H.(X, A).

H.(X,A)#

Since the primary source for this course is Hatcher I will stick to the definitions and the
terminology in that book. The following definitions and paragraphs are directly copied from
pages 2-3 of Hatcher. We wish to define a good pair for which we need to recall what a
deformation retraction is.

Definition 26 ( (strong) Deformation Retraction). A deformation retraction of a space X
onto a subspace A C X is a family of maps, indexed by ¢ € [0, 1], where f; : X — X such
that

o fo=1idy

e fi(X)=A



45

o fila=1idy for all ¢

The family f; should be continuous in the sense that the associated map X x I — X where
(x,t) — fi(x) is continuous.

Recall that in Definition 23 we defined homotopic maps. A deformation retraction is a
special case of a homotopic maps. In particular, a deformation retraction is a homotopy
from the identity map to a retraction of X onto A which we now recall.

Definition 27 (Retraction). A retraction of X onto a subspace A is a map r : X — X
such that 7(X) = A and r|4 = id(A). Equivalently, a retraction is a map r : X — A such
that 7|4 = id(A)

Definition 28 (Good Pair). A pair (X, A) is called a good pair if A is a non-empty closed
subspace of X such that there exists a neighborhood U of A that deformation retracts to A.

Our discussion above unpacks Definition 28 as follows: (X, A) is a good pair if A is a
non-empty closed subspace of X, A C U C X such that U deformation retracts onto A.
This implies the maps i : A — U and r : U — A, where r is a retraction, are homotopic.
That is r o7 ~ id4 and 7 o r ~ idy.

Remark 9. One might wonder if the other implication is also true: If r : X — A is a
retraction and r ~ idy, is it true that X deformation retracts to A? The short answer
is: it depends. Page.3 of Hatcher implicitly equivocates these notation, where he says “a
deformation retraction is a homotopy from the identity to a retraction.” While English is
not my first language, I am pretty sure the word “is” means these are equivalent definitions
and this is simply not true. Let me explain what is and what is not true.

Some authors defines a deformation retraction without the third requirement of Defini-
tion 26. That is, the subspace A need not be fixed by each map of the homotopy. This
is called a (weak) deformation retraction. Using this, a weak deformation retraction is
equivalent to a homotopy from the identity to a retract. (This is an exercise in notation
manipulation.) This is not the definition of deformation hatcher is using on page 2.

If we start with a retraction » : X +— A and consider a homotopy between i o r and
idy, where i : A — X, apriori there is no reason to believe this homotopy is a (strong)
deformation retraction; the maps of this homotopy at ¢ # 0,1 need not fix A through out
the process which is a requirement of a (strong) deformation retraction.

On the other hand, Munkres in [Mun84] makes a similar claim as Hatcher does (page
108-109)! And given that Munkres is a far more careful writer than Hatcher, I was very
confused at first. But in my understanding, Munkres is applying this to the setting of CW
complexes and in that setting these definitions are equivalent, albeit that is not obvious
either and requires equivalence of homotopies.

Ezample 29. An important example of a good pair is (D™, §D™), the m-dimensional disk
and its boundary 6 D™. Recall that

D" ={(z1,...,xm) | le <1}
OD™ = {(w1,...,2m) | in: 1} =gmt

Following Definition 28, notice that U = {(x1,...,2n) | 1 —€ < ||Z]| < 1} is clearly open,
contains 0 D™ and it deformation retracts onto 6D™.
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FIGURE 18. (D™,6D™) forms a good pair

Ezample 30. [Two non-examples| In your homework you will show that neither of the fol-
lowing examples constitutes a good pair.

() 5in(n)) wheey >0.
1
A:fix["lﬂ ﬂﬁ 0
1 V U Uf\

FIGURE 19. Two non-examples of a good pair

The left hand picture is the union of all line segments joining the point (0, —1) to each
point of the set {1},en and all lines segments joining (0,1) to each point of the set {—2},en
the right hand curve is topologist’s sin curve, a better picture of which can be found on
wikipedia.

Denote left hand side curve with X and let ay = (0,0). Moreover, let X’ denote the
topologist sin curve and A = 0 x [—1.1] be the vertical line segment from —1 to 1. In your
homework, you will justify why (X, {ao}) and (X', A) are not good pairs.

A main reason for introducing the long exact sequence in homology is to compute rel-

~Y

ative homology for good pairs. As a motivating example, is it true that H,(D™, §D™) =
H.(D™/6D™)?
~5
Theorem 9.1 (Relative homology for good pairs). If (X, A) is a good pair then
H.(X,A) =~ H(X/A).
Wednesday February 25th:

“Drink your coffee, embrace the silence, do not take people seriously, do not take life upon

yourself, do not exaggerate your emotions, and do not please anyone against your will.”
-Mahmoud Darwish.

In order to relate the three homology groups H,(A), H.(X) and H.(X,A) we need to
introduce and study exact sequences.


https://en.wikipedia.org/wiki/Topologist%27s_sine_curve
https://en.wikipedia.org/wiki/Topologist%27s_sine_curve
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Definition 29 (Exact Sequences). A sequence of abelian groups and homomomorphisms
SR A B A Ay TS A
is called exact if and only if for all &, including when k£ < 0, we have
Im(ag) = ker(agy1).

Note that all homology groups of an exact sequence are 0. Therefore the existence of
homology is in some sense measuring how far a complex is from being exact.

The following is straightforward to show and I will not assign it as homework. However,
if you are not comfortable working with short exact sequences you should work them out.

Lemma 12. e 0 — A 5 B is exact if and only if « is injective, also called a
monomorphism.
o A% B — 0 is exact if and only if o is surjective, also called an epimorphism.
e 0— A2 B—0 is exact if and only if a is an isomorphism.

o0 A B2y 0is exact if and only if a is a monomorphism, [ is an
B B

ker 3 = Im(a) A

Definition 30 (Short Exact Sequence of Chain Complexes). Consider chain complexes
(As, ay) (By, by), (Cy, c,) and chain homomorphisms o, : (Ay, a.) — (Bs, by) and B, : (Bs, by) —
(Cy, cx). The sequence

epimorphism and ker(f) = Im(«) if and only if C' =

0 — (Au,as) 25 (B, by) 25 (Chuen) — 0
is called a short exact sequence of chain complexes if and only if for any k, each square of
the following diagram commutes and each of its rows forms a short exact sequence.

lak+2 lb;ﬁ_g l0k+2

Q41 Bk+1
0 —— Ay ———— Brp Crq1 — 0

apy1 b1 Ck+1
| | |
0 s Ay S s By O sy O s 0
| | |
ag bk Ck
A A
0 — Ay 4 — " s By ——— sy —— 0

lakq lbk_l lckq

A short note on notation: in Definition 30, the maps «, and [, induce maps on homology
as in Lemma 5. Recall this map is to apply a, or §, to a representative of an equivalence
class of a cycle. For ease of notation, the statement of Theorem 9.2 uses «, to also denote
the induced map on homology group (even though it should technically be H,(a.).)
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Theorem 9.2. Given a short exact sequence of chain complezes yields a long exact sequence
in homology. This means for each k there exists a map 8y : H(C\) — Hy_1(A,) satisfying

(1) ITm(dx) = ker(ay_1),
(2) ITm(ay_1) = ker(Bx_1) (This does not depend on ¢)
(3) Im(Br—1) = ker(d—1).

The diagram for this long exact sequence looks like

Okt1 (
Bk

Ho(A) —— s H(B) — . H(C)
Ok

Hyy(A) g Heoa(B) ———— Hy ()

Op—1

Hk72(A*> S .

Q2

The map 6, s called the “connecting homomorphism.”

We will construct the map ¢ during the course of the proof.
Friday February 27th:

“Honesty always gets my attention. Not particularly someone who is honest to me, but
someone who is honest with themselves.”
-Heath Ledger.

Proof. One should keep an eye out on the diagram in Definition 30. Let [y] € Hy(C\). Fix
a representative vy for this class i.e. [y] = v + Im(cgy1) where v € ker(cg). We will do a
diagram chase at the level of chains i.e. in the diagram in Definition 30, to define a map 0.
Then we show J;, induces a well-defined map on Hy(C,). Since v € ker(c;) C Cy and fy, is
surjective, then there exists ¢ € By such that 5;({) = . Note that bi({) € Bj_1 so it makes
sense to apply Sr_1 to bp({). The commutativity of the diagram for the first equality we get

Br-1(0x(C)) = e Br(¢) ) = 0.
vzgr’(-c;)

Therefore b;(¢) € ker(Sr_1) = Im(ag_1). Since ay_; is injective, there exists a unique
¥ € Ag_y such that ag_1(¢0) = be(¢). We now define dx(7) := ¢ which we have arrived at
through this process. We now need to make sure d; induces a well-defined map on homology
i.e. check that the map

ker(cy,)
Im(cgi1) Im(ag)
O(Y + Im(cy1)) = 0k(7) + Im(ar) = ¢ + Im(ay)

 ker(ag-1)

6k : Hk(C) = — kal(A) =
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is well-defined. This amounts to showing J, lands in the right space and two different
representatives of the same equivalence class are mapped to the same equivalence class
under dy,.

(1) ox(ker(cx)) C ker(ag—1)

(2) If [y] = [v] i.e. v =9 € Im(ck41) and () = ¢, 6x(7') = ¢ then ¢ — 9" € Im(ay).
Proof of 1: Let 7y € ker(cy) and 1 = dx(y). We want to show ¢ € ker(ag_;) i.e. ax_1(v)) = 0.
The commutativity of the diagram in Definition 30 shows

ag—g(ax-1(¥)) = br—1(ar-1(¥)) = 0

where the final equality follows because aj_1(¢) = br(¢) from the construction of ¢ and
bg—1 0 by = 0. Since ay_» is injective we get ax_1(¢) = 0 i.e. ¥ € ker(ax_1). as desired.
Proof of 2: Assume the set up of 2. Since v — v € Im(cyq), there exists an element
€ € Cyyq such that v —~" = ¢41(€). Since S is surjective, there exists u € By, such that
Br+1(p) = €. Hold on to this element u! Recall that v, € Cy and Sy is surjective therefore
there exists (.¢" such that £,(¢) = v and 5i({’) = +/. Moreover, as we discussed in the first
part of the proof, ¢ and (' satisfy the property that ay_1(¢) = bx(¢) and ag_1(¢") = b ().

Notice that ¢, (" and by (@) all live in By, therefore ¢ — (" — byy1 (1) € By. Next, we will
show ¢ — ¢ — b11(p) € ker(By).

B¢ = ¢ = besa () = Br(C) = Be(C") = Br(brsr (1)) =7 =" = crsa(Brya(p)) = 0
——

€

Therefore ¢ — (" — bpy1(p) € ker(Br) = Im(ay). Therefore ag(a) = ¢ — (' — b1 (p) for some
a € Ag. Finally, note that

ap-1(ax(a)) = bi(ar(a)) = bp(C = ¢ —= by () = bp(C = ¢') = bi(bryr () = ar—1 (b —').
0

Since aj_; is injective we get that ai(a) = ¢ — ¢/, that is ¢ — ¢’ € Im(ay) as desired.
One still needs to show that J, is indeed a homomorphism but I claim that is clear since all
the maps involved are homomorphisms. Finally, we need to show exactness in three spots
as described in the statement of the theorem but I will leave that as homework. [l

Monday March 2nd:

“If we opened people up, we’'d find landscapes.”
-Agnes Varda.

Remark 10. Given a good pair (X, A) and each k > 0 we have the s.e.s

; . Cr(X)

0 — Cr(A) — Ci( )——>Ck(A)—>O
——
Ck(XvA)

where i, is induced from the inclusion map i : A < X; given 7 : A® — A define ix(7) =
(io7) : A¥ — X, and j, is the projection map. This yields a short exact sequence of
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complexes:

; Ci(X)
Tx VES
0— C(A) = C(X) — C.(A) —0
——
Cu(X,A)

Applying Theorem 9.2 we obtain the long exact sequence in homology which looks like

Op+1 (

Hy(A) —— 5 Hy(X) —— 5 Hy(X, A)

o1

H()(A) _— Ho(X> T) Ho(X, A)

20

Note that an identical sequence exists where Homology groups are replaced with relative
homology groups appropriately.

Ezxample 31. Fix m > 1. Let us now apply Theorem 9.2, via Remark 10 to the case of
(D™, 6D™), which we have shown in Example 29 is a g~ood pair. Our g9a1 is to compute
H(D™,6D™), which, by Theorem 9.2 is isomorphic to Hy(D™/6D™) = H(S™).
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The long exact sequence in homology we get will look like

041 (

W(0D™) ——*— H(D™) —> Hy(D"™,6D"™) = ﬁ[ (wm) = Hy(S™)

Hy 1 (§D") ——— Hk, o s Hy_1(D™,6D™) = Hy,_1(S™)

Sm—l

Jk—

((mm) ——— I m §D™) = I, (S™)
5Dm —> HO 0 Dm 5Dm ) — 0
Sm* z 0

In degree 0 we get Ho(D™,5D™) = Hy(S™). Let us now justify a slightly more general
fact which we have not discussed before: for any m > 1, we have

Hk(Sm):{Z if k=0,m 02)

0 otherwise

To see this, note that S™ has exactly one path connected component thus its zeroth homology
group is Z by Corollary 3. Moreover, we can attach a single m-simplex in degree m (think
of S' or §%) and that justifies why H,,(S™) = Z. This implies the reduced homology S™ in
degree 0 is zero and justify the penultimate zero in the last row.

Let’s analyze Hy(D™,0D™) and the last part of this long exact sequence further:

0 — Hy(D™,5D™) = H,(S™) 25 Hy(S™ 1) -2 Hy(D™) — 0
N——— N——
ﬁo(Smfl)@Z =4
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Hy(S" Y&z -
By exactness iy is surjective therefore O(k ()) >~ Z thus ker(ig) = Ho(S™!). Using
er(zo
exactness again, which implies d; is injective we get
Hy(S™) =Tm(6,) = ker(ip) = Ho(S™ ') for any m > 1. (9.3)

Moreover, the exactness of the long exact sequence and the fact that Hy(D™) = 0 for all
k implies
H,(S™) = Hy(D™,6D™) = Hy_y(S™ ) for all k > 2.
To finish the computation, recall that reduced homology and homology are the same in
all degrees except zero and that m and k were arbitrary. Hence we end up with a sequence
of isomorphisms as follows:

H(S™) = Hi(D™,6D™) = Hy_1(S™ 1) = Hy_1(S™Y) = Hy_ (D™}, 6D™ 1) =2 Hy_o(S™?)
~ f{k72<sm72) ~ Hk-72(Dm72, §Dm72) ~ Hk73(5m73> ~ Lo ﬁl(smf(kfl)) ~ Hl(Dmf(kfl), 5Dmf(k71)>
—_——

(%)

(9.4)
First, note that the exact value of m determines how much of the sequence of homologies
above we will actually use. Second, applying Equation (9.3) to the homology group (x), we
get

Hl(sm—k-i—l) ~ H()(Sm_k)
Finally, combining Equation (9.4) and the previous isomorphism we get
Hy(D™,6D™) = Hy,(S™) =2 Ho(S™").

If m < k, then as we discussed earlier in this example, there are no k-simplicies so the
middle group Hj(S™) is zero already and that is ultimately what we want to compute.
If m > k, then by what we discussed earleir in this example, S™* has one connected
component, therefore its homology in degree 0 in Z therefore its reduced homology in 0 thus
Hy(S™*) =0 for m > k and m < k. The final computation is when m = k. In this case,
59 = {—1,1} thus Hy(S°) = Z ® Z which implies Hy(S°) = Z. Putting all of this together
we get:

m s~ T e o T ek Z iftm=k
H,(D™,6D™) = Hy(S™) = Ho(S )—{0 if m £ k

10. MAYER-VIETORIS LONG EXACT SEQUENCE
Wednesday March 4th:

“If you don’t become the ocean, you'll be seasick every day.”
-Leonard Cohen.

The long exact sequence in homology Theorem 9.2 is an abstract construction. In the
previous section, we applied this construction to a (good) pair (X, A) and computed relative
Homology. In this section, we wish to apply Theorem 9.2 to the situation where we have a
cover of X. Let U = {U,} be an open cover of X. Recall this means U, C X is open and
X = U,.
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Remark 11. Fix a space X and an open cover U of X. Consider a chain complex structure
on X. Fix k£ > 0 and let C¥(X) be the subgroup of Cy(X) defined as

CH(X) = {Z ki | 70 AY — U, C X for some a}

Further define

5% = 5k|c§j(x>

8+ CH(X) — CGLi(X)
That 6% has the correct target is a straightforward observation, if AF C U, for some «, then
all of its faces are also contained in U,. Therefore C¥ = (CY(X), §¥) is a chain complex.

By our construction, C¥(X) < Cy(X) for all k thus i, : C¥(X) < C,(X) is a chain

homomorphism and it induces a map on homology:

iy s HY(X) — H,(X). (10.1)

It turns out that the map in Equation (10.1) is indeed an isomorphism. The precise
statement is the following proposition 2.21 from Hatcher. The proof is rather long and
technical, see Hatcher.

Proposition 1. The inclusion C4(X) < Cy(X) is a chain homotopy equivalence, that is,
there is a chain map p : Cp(X) — CY(X) such that i o p and poi are chain homotopic
to the identity. Hence the induced map on Homology of i, namely Fquation (10.1) is an
isomorphism and we get

HY(X) =~ H,(X).

Theorem 10.1 (Mayer-Vietoris sequence). Let A, B C X and X = Int(A) U Int(B). There
1s a long exact sequence in homology called the Mayer-Vietoris long exact sequence

041 (

Hy(AN B) Y Hy(A) & Hy(B) kL Hi(X)

Ok

Hk_l(AﬂB) T) Hk—l(A) @Hk_l(B> e Hk:—l(X)

Op—1

61

Ho(AﬂB> > H()(A) @Ho(B) > H()(X)

20 jO
Proof. What are we proving here? We want to show there exists a long exact sequence in

Homology as describe in the statement of the theorem. First we will replace homology groups
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of X with something they are isomorphic to. Notice the interiors of A and B form an open
cover of X by assumption. Let us write the chain complex in Remark 11 in our setting.

CH(A+ B) = {ku7, + ky7} where
To: AP «— Int(A) c X
7 AF «— Int(B) Cc X

3= Oklcuasm
5. CH(A + B) — CY (A + B)

In words, C¥(A + B) is those chains that are sums of chains in A and B. There is a little
abuse of notation going on here, if I wanted to keep the notation consistent with Remark 11
I should have written CY(X) with the understanding that the cover consists of the two
interiors. However, C¥(A + B) is more descriptive when it comes to definining map. The
upshot is C¥(A + B) = CY(X).

Therefore CY% = (C¥(A + B), %) is a chain complex. By Proposition 1, the induced map
on homology from the inclusion i, : C¥(A + B) < Cy(A + B) is an isomorphism therefore
H.(X) = HY(A + B). Therefore it suffices to show there exists a long exact sequence
homology looking like

Okt+1 (

Hy(AN B) “ ., Hy(A) @ Hy(B) I y HY(A + B)( Hy(X))

61

Hy(AN B) » Hy(A) @ Hy(B) y HY(A+ B)(= Hy(X))

70 Jo
To show such a long exact sequence in homology exists, it suffices to show there exists a
short exact sequence of complexes

0—>C.(ANB) — C.(A)®C.(B) — C,(A+B)—=0

and the result follows by Theorem 9.2. Now, technically I never defined what the complexes
Cy(A) @ Cu(B) and C,(A N B) are but I claim it is straightforward to compute the chain
groups and maps in these complexes. Finally, what is left to show is for any k there exists
a short exact sequence of the form

0= Ch(AN B) 25 CW(A) & Cu(B) 2 Cu(A+ B) — 0. (10.2)
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Next, we will define the maps ¢ and 1, and show the exactness of the sequence in Equa-
tion (10.2). Note the inclusion map iy : AN B — A induces a homomorphism (i,)g :
Cr(AN B) — Ci(A). Same is true for ig. We now define

or : Cr(AN B) — Cx(A) @ Cx(B),
Pi(c) = ((1a)«(c), = (in)+(c)),
Yy Cr(A) ® Cx(B) — Cx(A+ B),
Ur((a,b)) =a+b
Firstly we show ¢, is a monomorphism. Let 7 : A*¥ — AN B and observe
Pr(c) = 0= ((ia)«(c), = (in)«(c))
<= (ia)«(c) =0
<= qj40c=0
—c=0
<= ker(¢y) =0
Next, we want ker(¢;) = Im(¢x). For any 7 € AN B we have
(Y 0 91)(1) = Y((ia)+(7), =(i8)+(T)) = (ia)«(T) = (ip)«(7) = 0

where the last equality follows because 7 € A N B therefore its inclusion in A and B does
not change it. thus Im(¢x) C ker(¢x). Let (a,b) € ker(¢y).

Ur((a,0) =0=a+b < _a = -—b
€Ck(A)  €Ck(B)

=a = (ia)«(a) ; (ip)«(a) = =b
=o¢r(a,—a) = (a,b)
=(a,b) € Im(¢x)

To see 1, is an epimorphism let 7, + 7, where 7, : A¥ — A and 7, : A¥ — B. The preimage
of this under vy, is (7, — 7). O

Friday March 6th:

“No one expected me. Everything awaited me.”
-Patti Smith.

Corollary 6. We can replace the homology groups in the long exact sequence of Theorem 10.1
with H,(-), the reduced homology groups.

Ezample 32. [Klein Bottle using Mayer-Vietoris Sequence| Recall the “flattened out” version
of the klein bottle in Figure 20. To put ourselves in the hypothesis of Theorem 10.1 let

A = D? the open disk and B = K\{D?} for some ¢ > 0. That is, B is the Klein bottle
with a hole in the middle. Note that A is contractible to a point (if you are not convinced of
this then try convincing yourself by recalling the definition.) Moreover, B ~ S' v S! where
V denotes the Wedge Sum. This means gluing two simplicial complexes at a point. More
precisely, taking the disjoint union of X and Y and taking the quotient where two points
are identified. see Figure 20. Moreover, AN B ~ S*.
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Ficure 20. Computing the homology of the Klein bottle via M-V sequence

Putting this information into Mayer-Vietoris sequence for reduced homology we get

6k+1(

Hy(AN B = 5" “ s Hy(A)® Hy(B) s Hy(K)

0

{’kal(Aﬂ B = Slz T) Hk71<A> D Hk,1<B) T) kal(K>

g

0

Ok—1

01

Hy(ANB) = S A » Ho(A) @ Ho(B) , » Hy(K)

20 Jo

Using the above sequence, and the fact that ]:Ik(A) = 0 for all k since A is contractible, for

any n > 1 we get
H,(K)= H,(A) ® H,(B) = H,(S* v S").

To compute H,(S* vV S') we use M-V again! and break up the space as described in the

following Figure 21.

Once again, note that A N B is contractible thus its reduced homology is zero. Plugging

this into the M-V sequence, we get

07 n=1
0 otherwise

H,(S'v s = {
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/ B/

< A 1 1 L A
g £ :?<
OQ 5 (s, x5, A%

{re]
FiGURE 21. Computing the homology of the Klein bottle via M-V sequence

from Equation (10.3) we get )
H,(K) =0 for n > 2.
Finally, to compute homology in degrees 2,1,0, let us analyze the tail end of the M-V
sequence. Writing it from Hy(K) to Ho(S') we get
0— ﬁQ(K) — ﬁl(Sl) — ﬁ1<{pt}) D ﬁl(Sl V Sl) — ﬁl(K) — ﬁo(Sl)

which is equivalent to

0= HyK) 3 Z 08 (ZeZ)— Hi(K) — 0
Recall what ¢ is from the proof of Theorem 10.1: it is applying the induced map on homology;,
coming from the inclusions AN B — A and AN B — B, to the cycles in AN B i.e.
¢: H(ANDB) — Hy(A)® H,(B) where ¢(v) = (ia(v), —ig(v)) = (0, —(a+b+a—0b). Recall
that AN B = S'. The first zero is clear. The second part follows from “pushing” the circle
to the outer sides and tracing it.

+Q

_—

a
d(

l‘ L
t\"\i-./\\/ A (\Bg__g); B“Pusms out "o e boum&,n]f
DA T A b .
&)‘(\ \.“/!</__, b + B (Bv\'- (A[\g)'_' a+b+a-[0
Wl
o
+a
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Ficure 22. Computing the homology of the Klein bottle via M-V sequence
Therefore ¢(1) = (0, (0,2)) i.e. ¢ is injective hence Hy(K) 2 ker(¢) = 0 which yields

052526725 H(K) — 0 where Im(¢) = (0, 2)
The map ( is surjective since we have a s.e.s therefore
H(K)=2Z®Z/(Im(¢) =Z,dZ
Finally, one observes that Hy(K) 22 0.
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11. EXCISION AND THE HOMOLOGY OF A GOOD PAIR
Monday March 9th:

“I want to make a hole in everything and penetrate it deep. I want to reach the heart of the
earth. My love lies in there, a place where seedlings turn green and roots meet one another
and creation continues even in disintegration. I think it has always been this way. . .in birth
and then in death. I think my body is a temporary form. I want to reach its essence.”

-Forough Farrokhzad.

The main goal of this section is to prove Theorem 9.1 which recall stated: if (X, A) is a
Ci(X)
Cr(Y)

Proposition 2 (LES for triples). Given a three topological spaces Z C'Y C X we have a
s.e.s of chain complexes

0— CL(Y, Z) 25 Cu(X, Z) 25 CL(X,Y) = 0

where i, is given by the inclusion i : Y — X and g, is well-defined since C.(Z) C C.(Y).
By the long exact sequence in homology theorem (aka snake lemma) we get the long exact

sequence
Okt+1 (

good pair then H, (X, A) = H(X/A). Recall that if Y € X then Cy(X,Y) =

Ho(Y,7) — % Hy(X,Z) s HL(X,Y)
Hys(Y.Z) s Hii (X, Z) ———— Hiy(X,Y)
Op—1
01
Ho(Y, Z) s Ho(X, Z) ———— Hy(X,Y) =0

One bit of notation: following the notation of Hatcher I am using X — Z to denote X\ Z.

Theorem 11.1 (Excision Theorem). Suppose Z C A C X such that Z C A, that is the
closure of Z is contained in the interior of A. Then the inclusion of the pairs i : (X —Z, A—
7Z) <= (X, A) induces an isomorphism

i H(X — Z,A— Z) — H,(X, A).

Proof. The crux of the proof comes from Proposition 1 which we never proved. Note that a
drawing of our situation looks like:
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A

FIGURE 23. Sets involved in excision

First, I claim the theorem is equivalent to the following statement:

if A, B C X such that Int(A) U Int(B) = X then the inclusion i : (B, AN B) — (X, A)

induces an isomorphism on relative homology.

To see statement implies theorem: take Z = X — B equivalently B = X — Z. Then
(BLANB)=(X—-ZAN(X-2)=(X—-Z,A—-2). (11.1)

Furthermore Int(B) = X — Z. (If this is not clear to you look at the figure above.) Since
the interiors of A and B cover X then Z C A. To see the theorem implies the statement:
take B = X — Z. By the previous argument it is clear that Int(B) U Int(A) = X and
Equation (11.1) holds verbatim.

With this in mind, we will prove the equivalent statement using the chain groups CY(X);
see Remark 11. T claim the following chain groups are isomorphic

C.(B,ANB) = CY(X)/C,(A) (11.2)

where U corresponds to the open cover coming from the interiors of A and B. To see the
aformentioned isomorphism we’ll describe each. Fix k > 0. The chain group C¥(X)/Cy(A)
are those k-simplicies which are contained in B but not entirely in A. Said differently, they
are those k-simplicies contained in X but not completely in A since we are killing A. And
since Int(A) U Int(B) = X, these are chains contained in B but not entirely in A. The
left hand side Ci(B, AN B) = Ci(B)/Cr(A N B) has the same description: chain contained
in B but not entirely in A. The reasoning is similar, consider simplicies in B and kill
those are that are A N B, then you are left with simplicies that are contained not entirely
contained A; for otherwise they’d be in AN B and therefore killed after moding out. Hence
C.(B,ANB) = CY(X)/C.(A).
By Proposition 1 we have C¥(X) — C,(X) induces HY(X) = H,(X) therefore

CH(X)/C(A) = C(X)/CL(A) (11.3)

also induces an isomorphism on homology and we get HY(X) = H,(X, A). Plugging Equa-
tion (11.2) into Equation (11.3) we get

Cu(B, AN B) = CY(X)/C(A) = C.(X)/C.(4)
which yields H,(B, AN B) & HY(X, A) = H,(X, A) 0
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Wednesday March 11th:

“In order to grow...you must betray their expectations.”
-Hayao Miyazaki.

We are now ready to give a fairly detailed proof of the following theorem.
Theorem 11.2. If (X, A) is a good pair then H,(X, A) = H,(X/A)

Proof. For every n we will construct a commutative diagram

H,(X, A) Jn s H,(X,V) i y Ho(X — A,V — A)

H,(X/A, AJA) s H,(X/A,V/A) 4 in Ho(X/A— AJA,V/A — AJA)

Jn
Claim: g, is an isomorphism. Once established, we get that H,(X, A) = H,(X/A, A/A) =
H(X/A) where you will prove the final isomorphism in your homework.

To establish the claim, we show the outter maps are isomorphism. Let us inspect the
maps in this diagram more closely.
Top map j,: Considering the LES exact sequence in relative homology in degree n for the
triplet A C V C X we get

H,(V, A) y H,(X,A) Jn y Ho(X,V)

0

Hn—l (Va A)
0

~

A) = (V,A) is a

To see the claimed groups H,(V, A) are indeed zero note that v : (A
«(A, A) = 0 because

(
homotopy equivalent of pairs therefore H,(A, A) = HV, A); however H

—~

1%

the chain groups C,(A,A) = 0 for all n. Therefore j, : H,(X,A) — H,(X,V) is an
isomorphism. An identical argument as above, applied to the tripl A/JA C V/A C X/A,
yields that the bottom j, in the diagram is also an isomorphism ie. H,(X/A, A/A) =
H,(X/A,V/A).

The top map i, is induced from the map of pairs i : (X — A,V — A) — (X, A). By
Theorem 11.1, the induced map of 7 is an isomorphism. To see how this set up matches with
the statement of Theorem 11.1, note that A here is Z from Theorem 11.1 and V here is A
from Theorem 11.1; see Fig. 24.

An identical argument then show the bottom 7, is also an isomorphism. Finally, note

that r: (X — A,V —-A) — (X/A—A/A, X/A— AJ/A) is a homeomorphism.This is a more
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A

FIGURE 24. Sets involved in excision

general fact stemming from the assumption that A is closed; which we may assume from the
definition of a good pair. (Proof is left as homework again.) See Figure 25.

v X

: %

% [x]

FIGURE 25. Projection map

Since homeomorphic spaces have the same homology groups we conclude that r, : H, (X —
AV —A) — H,(X/A—AJ/A V/A — A/A) is also an isomorphism. Finally, we note that
¢n are p, are both induced from the quotient projection

—~—
pt in X/A
The commutativity of the diagram, which one can check, shows that both p, and ¢, are
isomorphisms therefore
dn :]7; Oinornoigl ojn~
O

We end this section by stating, but not proving, a fundamental result regarding homology
groups.

Theorem 11.3. For any topological space X we have
HA(X) = H:™(X),

We postpone the proof until later when we prove a more general theorem; see Theorem 13.1
and Corollary 7.

12. DEGREE OF A MAP AND THE LOCAL DEGREE FORMULA

Friday March 13th:

“I'm aware, you know, that I and the people I love may perish in the morning. I know
that. But there’s light on our faces now.”
-James Baldwin.
Throughout this section fix n > 0.
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Definition 31. Given a map f : S™ — S", consider the induced homomorphism in dimen-
sion n

fo H,(S")=Z— H,(S")=Z
fn([r]) = [f o 7] where 7 : A" — S™.
If we let 1 be the generator of the source, then
fn(2) :d:d~}.
where * is the generator of the target. The integer d is called the degree of f : S™ — S™.

Proposition 3 (Properties of the degree). Let f,g: S™ — S™.
(1) The degree is a homotopy invariant. That is, if f ~ g then

deg(f) = deg(g).
(2) The degree is multiplicative with respect to composition.
deg(f o g) = deg(f) - deg(g)
(8) The degree of the identity map is 1 i.e. deg(idgn) = 1.
(4) If f: S™ — S™ is not surjective i.e. f(S™) C S™ then deg(f) = 0.

Proof. The proof of 1 follows since the homotopic maps inuce the same map on homology.
The proof of 2 is just the result of matrix multiplication and 3 is an observation. To see 4,
let x € S™ — f(S™), then f factors through to the inclusion i : (S™ — {z}) — S" i.e.

gn ! y S
STL

—{z}

and the induced map in homology yields

H,(S" L H,(S")
\ /
—{z})

But since S" — {x} = R", which is contractlble, the assumption that n > 0 implies f,, is the
ZEero map. O

Ezample 33. Let us compute the degree of A : S" — S™ given by A({) = —(. Here is a
picture of this map in R2.

FIGURE 26. The map A in R?
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Recall that S™ C R™*! therefore we can think of A as A(xg, z1, ..., T,) = (=g, —T1, ..., Tpn).

Let r; denote the i-th reflection, that is r;(xq,..., 2, ..., 2,) = (xo,..., =4 ..., x,) and
note that A = rgoryo---or,. We claim that deg(r;) = —1 which would imply deg(A) =

n+1 terms

(—=1)"*1. T will prove the claim that deg(r;) = —1 for n = 1 and 7 = 1 and leave the general
case as homework.
Consider the following delta complex structure on S*

. o
S a-—Lb L -_L/ %\\(x’”)
a By i
aWb
m l_ (%o, )

FIGURE 27. A-complex structure on S?

Note that ri(zg,x1) = (29, —21) which is just reflection over the x-axis. Moreover, rq
preserves the delta structure on S* as above since r1(U) = L and r1(L) = U i.e. 71 maps
simplicies to simplicies.

We already know that H2(S') = Z. One can show that that the first homology group is
actually generated by U — L that is

HASY) =~ z(U — 1) % U — 1) = HA(SY)

Remember that the induced map on homology is simply applying the map to the class
representative, in this case the generator.

(r U —-L)=rU)—r(L)=L-U=—(U-L).

~——
1 1
Therefore deg(r;) = —1. In your homework, you will generalize this to n > 1.

Let us give an application of Example 33. Recall that a map between topological spaces
f: X — X has a fixed point if and only if f(z¢) = z¢ for some xy € X. The map A in the
statement corresponds to A from Example 33.

Theorem 12.1. If f : S™ — S™ has no fized points then f ~ A, in particular deg(f) =
(_1)n+1

Proof. We show that the assumption f(({) # ( for all { € S™ leads to a homotopy between
f and A. Define H((,t) = (1 —t)f(¢) —t( for any 0 <t < 1 and ¢ € S". Note that H is
clearly continuous as it is linear. Claim: H((,t) # 0 for any ¢t and (.

1=0)f(Q)=t¢ =0 = (1 =1)f(¢) =t¢ < [[A=)f (Ol = [[c]]

1
= L=tlSOI=Itc]l = N-tl=]t] == t=5
1 1
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1 1 1
But t = 3 implies 5]‘({) - EC = 01ie. f(¢) = ¢ for some ¢ which is a contradiction. Thus
H((,t) # 0, therefore it makes sense to divide by ||H((,t)||. Finally we define the following

. N H(C,t
H:8"xT—»8" H(g,t):%

Note that H is well-defined and continuous, moreover it defines a homotopy between f and
A as

H(C,0) = 22—
N TR
A1) = =g = ¢ = ()
Therefore f ~ A and the result follows. U

Monday March 16th:

“Maybe working on the little things as dutifully and honestly as we can is how we stay
sane when the world is falling apart.”
-Haruki Murakami.

We have now come to perhaps one of the most unfortunate-named theorems in mathe-
matics: the hairy ball theorem (pretty hairy name if you ask me....).

Theorem 12.2 (Hairy Ball Theorem). Let V : S™ — R"™! be a map such that the image
of every point V(() is tangent to S™ at the point (; that is for all € S™ V(¢) L . Then
V(C) #0 for all ¢ € S™ if and only if n is odd.

A function V that satisfies the hypothesis of theorem i.e. V({) L ¢ for all ( € S™ is called
a vector field on S™. Note that the statement in the backwards directions says if n is odd,
then there exists a function V' with such property, it does NOT say that every vector field
has this property.

Ezample 34. Here is a picture of the theorem in action when n =1 i.e. v(z,y) = v(z, —y)

N\

|7

/

Ficure 28. Hairy Ball Theorem for n =1
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Proof. (=) The assumption allows us to define the map

V(<)
VO

H:S"x[0,1] — S™ H((,t) = cos(mt)¢ + sin(nt)

Note that H((,t) is well-defined i.e. ends up in S™ because

[H(GDIF = ((6.0) HG.0) = cos(2nt) - [+ sinort) e =1

Moreover H is a homotopy between idg» and A because

H(G,0) =¢=idgn H(¢,1) = —¢ = A(Q).
Therefore idg» ~ A which implies 1 = deg(idgn) = (—1)"*! = deg(A) i.e. n is odd.
(<) Suppose n = 2k — 1 is odd. Define

V.St — 5" V(Clv C27 s 7<2k) = (_C27 Cla _C47 C37 cry _CQka C?k—l)
and note that (V(¢),¢) = 01i.e. V(¢) L ¢ for all ¢ € S™. Moreover ||V (¢)|| = ||¢|| = 1 which
implies ||V (¢)|| # 0 for all { € S™. O

In order to define the local degree we need a map with the following property. Suppose
f 8" — S™is a map with the property that there exists an zy € S™ with an open
neighborhood U such that f|y is a homeomorphism onto f(U) = V. Note that f(x¢) € f(U)
and U needs to be homeomorphic to an open neighberhood of R™. let yg = f(xg). Next, we
show that
(flo)s : Ho(U,U = {zo}) — H(V,V — {50}) (12.1)
is an isomorphism. By letting X = S™, A = S"—{y} and Z = S"—U excision Theorem 11.1
applies and we get

H.(U,U = {xo}) = H(S", 5" = {xo}) = H(V,V — {zo}) (12.2)

where the last isomorphism follows since the choice of open set U was arbitrary. Moreover,
applying the long exact sequence in homology to the pair (S, S™ — {x¢}) we get that

C— ﬁk(Sn — {xo}l - ﬁk(sn) —— Hy(5™, 8" —{wo})

therefore
Zk=n
0 otherwise

Hy(U,U — {x0}) = H,(S", 5" — {x0}) = {

(Note this is not a typo, I actually mean homology and not reduced homology. You can
convincen yourself that the last group is indeed 0.) Therefore Eq. (12.1) is

(flo)s s Ho(U, U = {z0}) — Ho(V,V = {0})

(flo) : Ho (U, U —{zo}) X Z — Z= H,(V,V — {x0}) (12.3)
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Definition 32 (Local Degree). The induced map on n-th homology of the pair (U, U —{z})
in Equation (12.3) is again given by sending 1 to d - 1 for some integer d. The local degree
of f at xq is defined as

deg,, (f) = (flv)n(2).

Since f|y is a homeomorphism we have that deg, (f) = %1.

Wednesday March 18th:

“Don’t search for the answers, which could not be given to you now, because you would
not be able to live them...the point is, to live everything. Live the questions now. Perhaps
then, someday far in the future, you will gradually, without even noticing it, live your way
into the answer.”

-Rainer Maria Rilke (Austrian Poet).

It turns out that under mild assumptions we can compute the degree using the local
degree.

Theorem 12.3 (Local Degree Formula). Given a map f : S™ — S™ such that for some
y € S™ we have:

(1) f*{y}) = {x1,...,zm} is a finite set in S™,
(2) and for all 1 < i < m there ezists U; C S™, neighborhood of x; such that flu, is a
homeomorphism onto V; where y € V;.

Then
deg(f) = deg, (f)-
i+1
Proof. First, note that we can choose U/s to be disjoint by choosing smaller and smaller

neighborhoods; a fact which will be crucial later. Define V' = ﬂ V; and note that U; — V.
i=1

For each fixed index i there exists a commutative diagram as follows, which we will analyze

in depth.

H (U, U — 2;) = Z L

» H,(V.V — )

|
&
R

H,(S™, 5" — f[~i(y)) = em,Z > H,(S™, 8" —y)

i
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First note that all three horizontal maps are induced by f since f induces maps on pairs
as follows:

f: U, U —x;) — (V,V —y) = induces f!
f(8™ 8" — fy) — (8™, 8" — {y}) = induces f™

and the map f? is explained in Definition 31. The superscript ¢,m and b is there to refer to
their place in the diagram only.

The vertical map k; is induced by the natural inclusion (U;, U; — x;) < (S™, S™ — f~1(y));
clearly this is an inclusion of pairs since U; — {z;} — S™ — f~(y). The commutativity of
the diagram, which is the only detail I am skipping, in particular the commutativity of the
top triangle implies p; is projection onto the i-th factor.

The two isomorphisms in the upper half of the diagram are justified in Equation (12.2) and
its preceding paragraph. Moreover, Equation (12.3) explains the groups being isomorphic to
Z. (Ultimately, this is by Excision.)

The two isomorphisms in the bottom half are justify simply by using the long exact
sequence in homology, which we explained above.

Next, we will show H,(S™, 5™ — f~Hy)) = @&, Z. Let U = |J;*, U;. By excision applied
to the inclusion of pairs (U,U — f~!(y)) < (S™, 8™ — f~!(y)), where in the statement of
excision Theorem 11.1 we take X = S, A = S" — f~l(y) and Z = S™ — U, it follows that

H, (8", 8™ — [ (y)) = Ho(U,U = [ (y))

It is not hard to verify the condition Z C A in the statement of Theorem 11.1 is satisfied;
try drawing the situation. Next, we will show

H,(U,U — ! GBH (U, Ui = {zi})

from the claimed isomorphism follows; we have shown above that H,(U;,U; — {z;}) = Z.
This exactly where U;’s being disjoing comes into play. This fact yields

(UCZ @C {%}) — H,(U,U—-f"" EBH U, U—{z;}) = @Z

The only remaining map is j. Using the commutativity of the lower triangle we have
pl(j(l)) = 1 for all ¢ therefore j(1) = (1,1,...,1). Moreover, note that > " k;(1) =
(1, ..., 1). ThlS sum is sensible since each k; has its image in )", Z. Thus j(1) =
Z (1) = (1, , 1) Using the commutativity of the top square we have

v = SO Ki(1) = 3 deg(f

Finally using j(1) = >.7"k;(1) = (1,1,...,1) for the second equality, the commutativity
of the bottom triangle for the third equality, and the definition of degree for the ultimate
equality we get

fl(ki(1)) = £,(1) =

Z deg(f

Monday March 30th:

w) = fé”(z ki(1) = £ (5(1) = £,/ (1) = deg(f)
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“I can only connect deeply or not at all.”
-Anais Nin.

13. CELL COMPLEXES

Definition 33. A cell complex is a topological space U X" where X" is a closed subspace

n=0

called an n-skeleton of X satisfying:
(1) XY is a finite set of points;
(2) X™ is constructed inductively:
X" = (X"""U,,, D}) Uy, Db Uy, Do

where ¢, : 9D — X" DI = D" C R" where D" is the unit disc in R" and each
map @, can be extended to

Paq Pay

¢ DR = X"

¢ZZ. oDy, — Poy; -
Recall that the disjoint union glued along the map is defined as
Z D"
Z U, D" = ———————— where ¢ : 0D™ — Z.
p(r) ~ &
eaDz,

o Each e} = ¢ (D7) is called an n-cell of X.

e The map ¢, is the characteristic map of ey, .

e The map ¢, is the attaching map of e, .

o If X = X we say X is finite dimensional and dim X = m.
As a matter of terminology, we note that CW-complexes and Cell-complexes are the
same.

(3) * For any i and n, an n-cell e}, = int(D") i.e. an n-cell is homeomorphic to the

interior of an n-disk.

A short note on item 3*: The * is to denote that this condition may be redundant.
That an n-cell is homeomorphic to the interior of an n-cell is well-known (see [Mun84] for
example.) and I strongly suspect that it is a consequence of the first two items, however I
was not able to show 3 is a consequence of 1 and 2, thus im adding it to the definition. It
either makes redundant or correct, either of which is better than incorrect!

Ezample 35. Every A-complex is also a cell/CW complex.
Ezample 36. [Cell structure on S']

10,1
X0~ (o}, X' = x00,[0,1) = L0200
—~— p(x) ~
D1
where ¢ : 0D* — X%, ¢ : D' — X! .
{0,1} {zo} t  — (cos(2nwt),sin(27t))

Cell structure of S* = {e’,e'}.
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Ezxample 37. [Cell structure(s) on S"| First cell structure on S

XOI{Z,O}:Xlz_H:anl
L D"
Xn:{x(%, o OD" > (a0}
@e\xr) ~x

Cell structure of S = {e’, e"}.

Second cell structure on S™

{(L’Q} L Dt
Xl = U, D"t == _—"—  wh 0D —
{Io} %) QD(I’) ~ wihere @ {ZL’O},
X" = (X" Uy, DY) Uy, Dy where t;: 9D} —> X!

~GQn—1 ~gn-1

Cell structure of S™ = {e%, "1 e, eh}.

Wednesday April 1st and Friday April 3rd:

“To make living itself an art, that is the goal.”
-Henry MIller.

Notice what follows are for two days of lecture combined.

Ezample 38. [Cell structure on genus g surface] Let ¥, denote the genus g surface i.e. g
donuts connected to each other, a surface with g donut-like holes.

g=1:
Weer?xe gt x st 2= {2}
Z% = {U} |—|</7a a l_lSOb ba Pas Pb - 8D1 - {U}
YI=%1Uy D? :9D?>— %] where ) = axb*xaxb
S1
Cell structure on 3 = {e%, eg, e}, e’}
g=2:

2 = {v}

Z% = {U} u‘Paa u‘Pbb |—|§0cc l—lcpd d7 Pi - 8D1 — {U}7 (S {a’ b,C7d}7

Y =%y D? % :9D? — %) where ¢ = [a,b] x [¢,d], [a,b] =axbxaxb,
S1

0 1 1 1 1 .2
Cell structure on 3y = {e’, ey, €7, €5, €5, €~ }.

For g > 1:
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0 _
Eg - {U}
E; = {v} Uipay @1 Uy, by Ug,, a; Ui, bi,  Pa; Py, oD — {v}, 1<i<y,
E; = E;I_Iw D?* 4 :9D? — E; where ¢ = [a1,b+ 1] % - - * [agy, b,]
Sl

_ g0 1 1 1 1 1 1 2
Cell structure on X, = {e”, €5, €1, €9, €3, ..., €5, 5,65, 1,6}

FIGURE 29. Surfaces of genus 1,2,3

Lemma 13. If X is a finite CW-complex, then
(1) (X™, X"1) is a good pair.
; Z(¢% ,...,00 ) ifk=n
2 HS’L'ILg o~ 7’L H Dn,, aDn o a1’ (e 7"
( ) k @z:l k( oy al) 0 ka 7& n
(3) The inclusion i : X™ — X induces an isomorphism
Ty : Hk(Xn) — Hk(X) for k <n,

and 1s surjective when k = n.

Proof. The proof of part (1) is left as homework.

~

2) By part a) we have H(X, X" ) = Hy(X/X""!) where

Xt o WiDs (DN, (D
Xt | ;0D \oDr, oDn.

I explained the first isomorphism in gory details in class via two different justifications.
First, this isomorphism follows because removing the n — 1-skeleton is akin to removing the
boundaries of the D, ’s since they are attached to the X" !-skeleton. This is the left hand
side quotient in plain english i.e.

X7"tuDg, u--uDg
n : n
X Pa; ()~ for all i ~ |_|Z Dai
X1 X1 L], 0D
i o
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The second explanation is that this isomorphism is induced from (— o®) where

®=¢r U...Ug¢k D' U...uD" — X"

n

anl

—od gy U...U¢, —

And one can show that ker(— o®) = | |, 0D} . Recall that

N ropn r .
H 4| = H"8(D" oD"
k (il aD&) ZG? k ( o) ai)

Finally, note that one can identify D" with A", as an example the filled triangle (A?) and
D? are homeomorphic thus (D7 ,0D7 ) = (A", 0A™) = Z. Furthermore, the generators of

H;"(Dr 0D ) are the characteristic maps and item (2) follows. Parts ¢ and d are repeated

applications of the long exact sequence in homology for a pair.
3) Writing the LES in homology for (X™, X"~1) yields

o= Hyy (X7 X7 — H(X™Y) 25 Hy (X)) — H(X™, X1 — -

if kK # n or k # n—1 both groups Hyy1(X™, X" 1) = H,(X", X"') =0 (by part a) and we

[

k
get that i, is an isomorphism i.e. Hy(X" ') = Hy(X™). In particular whenever k > n we
can repeat the above LES and get

Hip(X™) =2 Hy(X"1) & Hy(X"7%) = -+ Hy(X™) 2 0.
4) Now if we write the long exact sequence in Homology for (X" X™) we get
o= Hpy (XM X7 — Hp(X™) 25 H (XY — H(X™ X)) — -

If we assume k < n <= k+1 < n+ 1, part a again implies that Hj (X", X") =
Hi (X", X™) =0 so we get

Hp(X™) =2 Hy (X" = ... = H(X) where X = X™ and m = dim(X).

(Credit to Izzy to izzy for pointing out the missing detail here) To actually see what the
previous chain of isomorphisms follows, note that much like the first part we can repeat (look
further into) the LES but the key point is n = k < m where dim(X) = m and thus we go
up to X™ = X only. At the k£ = n index we have that the right most group is 0 by part a
iLe. Hy(X", X™) =0 so we get that

Hy(X™) 25 Hy(X™) — 0= Hi(X™) = Hy(X") = Hy(X)
where the last isomorphism follows from the chain of isomorphisms above. O

Definition 34. For X =[], X™ a cell complex we define the n-th CW chain groups as

Co = H™(X™ X" 1)y =2 Z(e" ... e ).

a1?
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We define the chain maps d, := j,_1 o d, where j, and 0, are coming from the long exact
sequence in of pairs as follows (assuming * = n and * =n + 1):

0
Hy (X1 Hy (X)) 2 Hy(X)
V \

Hn+1(X +17Xn) SE Xn X" 1) d

. On

]n+1]\ \ Jn—1

Hyir (X7 Hya (X7)
0 0

For spacing reasons I have to draw this a little weird, the class diagram is better. Since
Im(j,) C ker(d,) we get

dnodn—i-l (]n 108) ( o n—l—l)_]n 10(a o]n)o n+1_0-
0

Thus (CEWV(X),d,) is a complex.

ker(d,)

e (13.1)

HY = H(COY(X), d.) =

Some observations about the CW homology

(1) H,(X) =0if X is a CW complex with n-cells.

(2) More generally, if X is a CW complex with k£ n-cells, then H,,(X) is generated by at
most k elements. This is because H, (X™, X" 1) is a free abelian group on k gener-
ators, thus the subgroup ker(d,,) and subsequently the quotient ker(d, )/ Im(d, 1) is
generated by at most k generators.

(3) If X is a CW complex having no two of its cells in adjacent dimensions, then H,(X)
is free abelian with basis in one-to-one correspondence with the n-cells of X. This is
because the cellular boundary maps d,, are automatically zero in this case.

Monday April 6th: (Did review/summary of everything up to this point.)

“I have divested of meaning.”
-Joan Halifax.

Wednesday April 8th:

“The world around us is in a sea change, and I think the glory of art is that it cannot only
survive change, it can lead it.”
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-Robert Redford.

Let us demonstrate two examples of item (3) of the observation above.

Ezample 39. Let X = S™ with n > 1. We know a cell structure of S™ is given by {e°,e"}
and the sequence is given by

0—=2Z{e") =0 —0—Z{) =0

and item (3) above implies

0 else
n+1
Example 40. Let X = CP" = AV where A # 0 and A € C. This space admits a cell
structure of the form {e% e? e ... e*} i.e. only even-dimensional single cells. We will

justify this fact later. Thus its CW chain complex looks like
0—Z(e™) = 0—Z( ) — ... = Z(e*) = 0— Z{e") = 0

and therefore by item (3) its homology groups look like

ch_ Z if*:0,2’4,...’2n
* )0 else

Theorem 13.1. HW(X) = H¥™(X).

Proof. Using the diagram above we see that
He(X7)
Tm(0,e1)
Since j, is injective, it maps Im(d,,41) isomorphically onto its image, that is
Im(9n11) = Jn(Im(9n11)) = Im(jn © Ong1) = Im(dnia)
where the last equality follows by the definition of d,,, 1. Next note that
sing ( y'n sing ( y'n
(o) = S B o 1 0) = Tn) = Ker(0,)  ber(d)

where the equality * follows since j,_1 is injective i.e.

& psing( Xt o [sing (X)), (13.2)

x €ker(d,) <= d,(z) =0 <= (J—100,)(x) =0 <= Ou(x) =0 <= z € ker(0,)

Plugging the above two equations into the left hand side of Equation (13.2) we get

Hsing ( Xn) ) )
n o~ [ysing Xn+1 o~ fysing(
H(X™)  ker(dy)

12

= HV(X) O

Im(Opy1) Im(8,41)
Corollary 7. Let X be any topological space and n > 0.

Hy™(X) = H(X) = HyV(X) = Hy™(X)
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Proof. This follows because Simplicial and delta complexes are both examples of CW com-
plexes. 0

Next, we will try to come up with a recipe for determining the matrices of the of the maps
dn s C7V(X) = Z(eg) — Z{e™") = O (X)
When n = 0, there is nothing to do as dy = 0. When n = 1 we have the following

(X, X9 » Hi(X°,0) = Ho(X?)

Let’s apply di([¢g]) = 71(01(¢a)) = daliny — ¢alioy

The last equality is not obvious but if we workout the maps in the long exact sequence for
homology, we see that j; turns out to be the identity map and 9, turns out to be the same
as the simplicial boundary map.
Friday April 10th:

“A certain type of perfection can only be realized through a limitless accumulation of the
imperfect.”
-Haruki Murakami.

Recall the main difficulty in dealing with CW complexes is determining the maps. The
recipe for d, when n > 2 requires some machinery we developed previously, namely the
degree of a map f:S" — S™.

Lemma 14 (Matrix of d,, for n > 1). Let X be a finite CW complex. The n-th chain complex
map d, 1s given by

dn:Z{ep |a=1,... k) — Z({ej " | B=1,...,m)

Z daﬂ%

where dag is defined as the degree of the map gg o ¢ with ¢} the attaching map of D and
gs defined as collapsing the complement of eg_l to a point.

o -1 98 -1
oD, — X" — 5%
Sn—l

Therefore the matriz of d,, is given by
(ndmce = (o) where 1 <a <k 1< P <m

Remark 12. Given a continuously differentiable map f : St — S, Let y, € S'. Using the
local degree formula Definition 32 we get

deg(f) = Z deg, f= > sign(f/(z;))

z;€f~1(yo) z;€f 1 (yo)
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where the last equality follows because

deg,, (f) = sign(f'(x:)).

Note the previous equality is well-defined as g is a regular value of f that is f'(x;) # 0 for
all z; € f~{yo}. (But I am not fully justifying it.)

Ezample 41. Let X = {vo} U, e' Uy €* with ¢ a continuous function. Then deg(¢)) =
k =number of times de? wraps around e!. Thus the CW complex of X looks like

Z ifi=0

0 — Z(e?) % Ze") % Z(vy) = 0= HV(X)=2Z/kZ ifi=1
e2 k-el oo

0 if¢>2

Ezample 42. Let X = (((S* Vv _S' ) Uy, €2) Uy, €2 where SV S is joined at vy, ¢! = a®xb~3
a b

and ¢ = 0% x (a % b) 72,

0— Z(e?) -5 Z(e") -% Z{vg) — 0
k-el

Using Remark 12 one can comute the following:

deg(go 0 ¢1) =5, deg(gro 1) = =3, deg(goo ) =—2, deg(gro o) =1

Therefore

] = [ >, ﬂ . {:; ﬂ . {‘01 ﬂ s Tm(dy) & Z2 : ker(dy) = {0}

HOW(X) = {z k=0

— Hy(X)=0foral k= H,(X)=0
0 else

A space whose reduced homologies are all zero is called an “acyclic” space.

Monday April 13th:

“One should not only photograph things for what they are but for what else they are.”
-Milnor White.

Ezxample 43. Recall the definition of the n dimensional real projective space

Rn+1_{0} g
RP" = =
v~ A, AED D v~ =g =1

R=10 SO ={-1,1
10} = {pt}. Equivalently, RP’ = #

UV~ AV v~ =0

For n = 0 we have RPY =

Here is a picture

{pt}

) Y
\

— ~1 e — 1

Ficure 30. RP°
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§

1

=t ( - O
~ RP°
v / f;/rcfm)]

FiGure 31. RP!

R2 — {0} S

For n = 1 we have RP! = . Alternatively, we can see this from
V ~ v v~ —U

yields the exact same picture as in Figure 31.
The upshot is that we can observe that

RP'=RP% L, [-1,1]
~—~
{pt}
where ¢ is a continuous map from 0f; — fy. For n = 2 we get

RP? =RP' Ly, f*

which

where f? 22 D? and can be identified with the upper hemisphere. The map ¢o = id o A is
given as the following composition:

R2 — {0 St
St oft — R — {0} & 0y _ =RP!
v~ AU Vo~ —0

Here, identity corresponds to the inclusion map —. Here is a picture of this composition
and RP?%:

/N

FIGURE 32. RP?
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Note that deg(¢p2) = deg(id) + deg(A) = 1+ (—1)? = 2. A small note here: technically we
1

defined the degree of a map f : S™ — S™ but the above composition goes from S! to

v~ =
Harsh raised this issue in class. The definition of degree here is the same, you consider the
1

induced map on f, : Hy(S*) — Hy(

fact the above picture is exactly computing this degree. We can induct on this procedure
and observe that

RP"=RP™ Uy, fu [u D" Gy = 0fs = R"— {0} ARP" ie 6, = Ao
0 if n-odd

2 if n-even

~S —

) and that gives you the degree. (reference?) In
v

deg(¢n) = deg(id) + deg(A) =1+ (—=1)" = {

Recall that the degree of the map allowed us to determine the maps in the CW complex
directly (see Lemma 14). The chain complex then is as follows

0 —— Z(fn) L Z(fn-1) b Z(fn o) ¢n_2> ¢3:0> Z(f) $2=-2 Z(f) $1=0 Z(fo) $0=0 0

The only difference between the odd and even case case is homology in degree n. If n is even
we get

Z ifk=0
H.(RP")={2Z/(2Z) =2, ifk<mnandkisodd
0 else
and if n is odd we get
Z ifk=0
Ho(RP™) = Z/(2Z) = Z, %f k < n and k is odd
ifk=n
0 else

We apply a similar construction to CP".

Ezxample 44. Recall the definition of the n dimensional complex projective space
Rn+1 _ {O} 52n+1
z~ Az, /\7é0: 2~ Az |zl =10 =¢€
Our goal is to build up CP" like RP™ by inductively attaching disks to a smaller dimensional
CP". We will show CP™ = CP" ! LI, D" where ¢, will be defined as follows: Consider
D* -5 (wo,wy, . .. W1, \/q — [W]2) € S = 82 /2 Az = CP"

Here is a picture of this map:
Let ¢, := (— oi). Then we define the gluing map ¢,, as follows

n : OD* — CP!

CP" .=

; . S2n71
OD” = {w | Jw| = 1} = §2 1 "L (L w, 4,0) € S S 2~ cpr!

~

So to be precise, ¢, = qo (¢n|op2,). One small note: in Definition 33 we technically defined
the gluing map ¢, (going from dD?** to X" ') first and then the characteristic map ¢, as
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FIGURE 33. CP"

an extension of the gluing map (going from D?** to X™) in such a way that ¢,|opze = ©p.
Ultimately, you can do this in either way so long as it’s done in a continuous fashion.
Moreover, you can always define the characteristic map first, look at the restriction and then
work backwards. The world is your oyster so long as you remain continuous.

The upshot is we have now shown

cpr~CpP* U, D*=(CP'U, D*) U, D'U,, U, D**=CP"={e e ¢, ..., "}

0 Z(e®) 5z 2 5. 2(e?) 5 Z(e") S0

W _ Z H0<k<2nk—even
oV =
0 else

Wednesday April 15th:

“Just slow things down and it becomes more beautiful.”
-David Lynch.

14. HOMOLOGY WITH COEFFICIENTS

For transparency: The first few definitions and examples of this section are taken from
UNL’s Algebra-901 taught in Fall 2019. Throughout this section we take R to be a com-
mutative ring with unity mainly because I want to develop the background slightly more
general. For all practical purposes you can take R = Z. Moreover, throughout we assume M
and N are R modules (not necessarily finitely generated.) There is a fairly straightforward
way to generalize all of this to non-commutative rings, we then have to consider left and
right modules.

Definition 35 (R-biadditive function). For R modules M and N, and A an abelian group,
a function
b:Mx N — A (14.1)

is called R-biadditive if the following conditions hold:
(1) b(m +m/,n) = b(m,n) + b(m’,n) for all m,m’ € M and n € N,
(2) b(m,n+n') =b(m,n) + b(m,n’) for all m € M, n,n'inN, and



79
(3) b(mr,n) = b(m,rn) =rb(m,n) for all m € M, n € N and r € R.

Ezxample 45. Some examples include of bilinear maps are:

e f:RxR— R, f(r,s) =rsie. the multiplication map
e for an R-module M, f: R> x M — M, f((r,s),m) = (rm, sm)
e For an ideal I C R and a module M, f: (R/I) x M — M/IM via f(F,m) = 7m.

Definition 36 (Tensor Product as a universal object). Let R, M and N be as above. An
abelian group M ®gz N together with an R-biadditive map h: M X N — M ®gz N is called
the tensor product of M and N if it has the following universal property: for any abelian
group A and R-biadditive map f : M x N — A, there exists a unique group homomorphism
g: M ®r N — A such that f = go h i.e. the following diagram commutes for a unique g

MXN%A

P

M ®r N
Note the tensor product is unique up to isomorphism.

Definition 37 (Theorem/Definition: Tensor product, generators and relations). With the
set up above, M ®p N is the free group generated by all expressions of the form m ® n for
m € M and n € N subject to the following relations:

(1) (im+m)@n=men+m'®n for all m,m’' € M and n € N,

(2) m@(n+n)=men+man forall m,m € M and n,n’ € N, and

(3) (mr)@n=m® (rn) for all m € M, n € N and r € R.

More succinctly,

D Z-(mon)

(m;n)eMxN

(Y)

M ®pr N =

where
Y ={(m+m)@n—men—m'@n}u{me(n+n)—men—men'}U{(mr)@n—me (rn)}

Further we define h: M x N — M ®g N to be the function h(m,n) = m ® n. Then the
pair (M ®g N, h) defined as above the tensor product of M and N.

The elements of the form m ® n are called simple tensors and the tensors product is all
Z-linear combinations of simple tensors module the aforementioned relations.

Proposition 4 (Some properties of the tensor product). Let M, N and @) be R-modules.
(1) M@r N =N Qr M
(2) (Ni@---®N,) QM = ®;N, ® M
() M@ (N®Q)=(MeN)®Q
(4) R@r N = N via (r®n) —rn
(5) RITQN=N/I-N viaT®n — 70
(6) For a pair of homomorphisms f: A — A" and g : B — B’ we have

fRg: MN — M @ N via f @ glm®n) = f(m)® f(n)
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We are now switching the name of our modules to A, B and C but they are still R modules
over R. Recall that a short exact sequence

0sA-5B-10—=0
is split if and only it B= A& C.

Lemma 15 (The splitting Lemma). The following statements are equivalent:

(1) There exists an isomorphism B = A & C' making the following diagram commute

P

0—— A C —— 0

a—(a,0) l / —c
A

(a,0)
C

i.e. the s.e.s splits.
(2) There exists a homomorphism p: B — A such that poi = idy

05A-5B2C=0
'
(3) There exists a homomorphism s : C'— B (called a section) such that j o s = idc

0-A-B-1y0c—=0
H

s

The proof is straightforward so I omit it.

Let us state an application of split short exact sequences to good pairs. Given a good pair
(X, A) and a retraction 7 : X — A such that ior = id4 the long exact sequence in homology
yields

SV (A) B HL (X)) S HL (X A)
Note that r induces a map on homology as well and we have r, : H,(X) — H,(A), Moreover,
T 0y = (roi), = (ida). = idm, (4

therefore ker(i,) = 0 i.e. the image of the previous map, namely d,,1 is also zero and this is
true for any arbitrary n. Thus for all n we get the short exact sequence

0 — Hy(A) 5 Hy(X) 25 Hy(X, A) = 0

Tx

which is split by Lemma 15 therefore
H,(X) = H,(A) & Ho(X, A) = H,(A) & H,(X/A).

Homology with coefficients Going forward we set R = Z. Fix an abelian group G. In
Definition 21 we defined singular chains (with Z coefficients) on X as:

Ci(X):= @ Z={Sikio; | ki € 2}

o:AkF—X
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To generalize this, we replace Z with G and set
Co(X;G) = @ G = {Xigioi | s € G}
o:Ak—X
and for a pair (X, A) we set
Cr(X;G)
T G(4:G)

One can expand the definition of Jy, which is defined as before via restriction to faces, to
show that

Cr(X, A;G)

-1 00k(g-0) = g(Op—100(0)) =0
we get that (C.(X, A;G); 0,) is a chain complex and

ker 0
Hi(X, A4:G) = — 81:1

is called the homology of (X, A) with G-coefficients. Let us state two results without proof.
Friday April 17th:

“Chance encounters are what keep us going.”
-Haruki Murakami.

Lemma 16.
Ch(X,A;G) 2 CL(X,A) @G
where Cp(X, A) @ G ={X,9;, ® 0; | g; € G}
It turns out that we can compute homology with coefficients in any group G using the

homology groups we computed over Z. This uses Tor groups which stands for Torsion groups.
I will state the results first and then define these groups.

Theorem 14.1 (Universal Coefficient Theorem for homology (UCT)-Algebraic Version). If
(Cy, 0x) is a chain complex of free abelian abelian groups, then for each n there is a (natural)
short exact sequence of the form

0— H,(C,)® G — H,(C,;G) — Tor(H,_1(Cy),G) — 0
which splits.

Theorem 14.2 (Universal Coefficient Theorem for homology (UCT)-Topological Version).
If (C., 0.) where C, = C:™I(X, A), then for each n there is a (natural) short exact sequence
of the form

0— H,(X,A)®G — H,(X,A;G) — Tor(H,—1(X,A),G) - 0
which splits implying
H,(X,A;G) = (H,(X,A) ® G) ® Tor(H,_1(X, A),G)

We need some machinery and results to define the abelian group Tor(A, B). Let A and B
be abelian groups.
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Lemma 17. If the sequenece of abelian groups
A5 B-L050
s exact then so is its tensor product with — ® G i.e. the following is exact
AG 3 BB cod =0

Remark 13. Note that the previous lemma does not extend to a split short exact sequence
of the form

0-A—-—=B-LC—=0
Here is an example to demonstrate this point. If we tensor the split s.e.s

X2= 12

0 —2Z —2Z—-2Zy—0

with Zy we get

0—7292,2372072, 52,92, — 0
—— —— ——
=7, =79 ~(Zy)2

Note this implies ker(is ® 1) = Z, thus the s.e.s is not exact after tensoring with Zs.

Remark 14 (2-step free resolution of A). For any abelian group A there exists a s.e.s of the
form

where Fy = @Z equivalently we can take the index of Fjy to be a generating set of A. The
map j is deﬁned as a free-extension of the map a — a : A — A. Define F} = ker(j) and

that Fj is also free since it is a subgroup of a free group therefore we have, by definition, a
short exact sequence. This is called the 2-stage or 2-step free resolution of A.

Let B be any other abelian group. Applying — ® B to the s.e.s in Remark 14 yields

FoB A ReoB® Ae0B =0 (14.2)

Definition 38. The group Tor(A, B) is defined as ker(i ® 1) in Equation (14.2).

Of course one needs to check that the previous definition is independent of the choice of
the free resolution in Equation (14.2) but that turns out to be true.

Ezample 46. Based on the discussion above Tor(Zy,Zy) = Z,
Proposition 5 (Some properties of Tor(A, B).). (1) Tor(A, B) = Tor(B, A).
(2) Tor(e;A;, B) = &, Tor(A, B)

(8) Tor(A, B) =0 if A or B is free, or more generally torsion free.
(4) Tor(A, B) = Tor(T(A), B) where T(A) is the torsion subgroup of A.
(

(5) Tor Zn,A) >~ ker(A % A).

(6) For each short exact sequence 0 — B — C' — D — 0 there is a naturally associated
exact sequence
0 — Tor(A, B) = Tor(A,C) — Tor(A,D) = A®B > A®C - AR D —0

Corollary 8. H,(X;k) = H,(X) ® k where k =R, Q,C.
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Monday April 20th:

“Reading is solitude. One reads alone, even in another’s presence.”
-Italo Calvino.

Ezxample 47. Let X be the Klein bottle. Recall that

Z ifn=0 R ifn=0
H,(X)=12®Z, ifn=1=H,(X;R)=<KR ifn=1
0 ifn>1 0 ifn>1

To see the implication, note that Z ® R = R as R has the structure of a Z-module. Using
Proposition 5 we get

(Z®Z)9R=(Z®R)® (Z;®R) =R.
0

Note that Z, ® R = ker(R =% R) = 0.
Lemma 18. Z,, ® Z,, = Zycq(mn)

Proof. Tt is clear that 1 ® 1 generates Z,, ® Z,, since t @ y = zy(1l ® 1). Let d = ged(m,n)
and d = mp + nq for some integers p,q € Z.
m(leom)=n(1l®l)=0=d1l1)=mp(l1®1)+ng(l®1)=0
This implies |Z,, ® Z,,| < d. To see the order is at least d, note that one can show the map
fZn®2Z, — 2,
(x modm)® (y modn)— x-y modd
is an onto homomorphism thus |Z,, ® Z,| > d. O

Corollary 9. Let k be either Q,R or C. If H,(X) is finitely generated with betti number [3,
then

H,(X)Z2Z® - ®Z®(Zy ® - DZ 1)
N—— Pq DPn
IBH
H,(X;k)2ko- @k=k™
B
rank(H,(X)) = dim(H,(X;k))
Corollary 10. Let p be prime and assume H,(X) and H,_1(X) are finitely generated. Then
H,(X;Z,) is a direct sum of Z,,’s with the following contributions:
(1) Each factor of Z in H,(X) gives a factor of Z, in H,(X;Z,) (Z®Z,=Z,)
(2) Each copy of Z,. in Hy,(X) , with k > 1, gives a Z,, factor in H,(X;Z,) (Z,Z
Zged(pr*))
(3) Each copy of Zyx in H,_1(X) gives a Z, factor in H,(X;Z,)
Proof. To see (3) above, recall that
Hy(X;G) = (Hp(X) @ G) ® Tor(Hy_1(X),G) = (Hp(X) ® G) ® Tor(Tor(Hy_1(X)), G).
U

I
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Ezxample 48.
Z k=0 ;2 i Z - (1)
HRPY={z, ifk=1— H(RP%Z,)={> "7
. Z, iftk=2
0 if k>2 .
0 ifk=0

where the Z, in degree 2 is coming from Tor(H,(RP?),Z,).

15. KUNNETH FORMULA

The main goal of this section is to compute the homology of a product space using the
homology of each individual space. That is, how do we connect H,(X x Y') to H,(X) and
H.(Y).

Theorem 15.1. There exists a Z-bilinear map:
Hl(X) X H](Y> — Hi—l—j(X X Y)

While I won’t carefully prove this theorem let us contemplate how the map is constructed.
It is induced by the following chain map:

Ci(X) x C;(Y) — Citj(X xY)
(o,7) — Chain Representing o x 7
o AN X 7N Y —SoxT: APXA — XxY
o X 1(t,u) — (o(t), 7(u))
Using Definition 36 we then get a homomorphism on the tensor product
Ci(X)®C;(Y) — Cigj(X xY)
and therefore a chain homomorphism between the chains

(CL(X) ® CL(Y),69)) - (CL(X x Y),627)

(CL.(X)® CL(Y)), = @ Ci(X)® Cj(Y) where a®@b € Gi(X) @ C5(Y)  (15.1)
02(a®b) = (67 a) @b+ (~1)'a® (6,))

One can check that 6% o 0, = 0.
Wednesday April 22th:

“You have to invent life.”
-Agnes Varda.

Theorem 15.2. The chain homomorphism ¥ induces the isomorphism
HL(CL(X) @ C.(Y),6%) = HL(X x V)

Thus to answer the question of interest, stated at the beginning of the section, it suf-
fices to express H,(C.(X) ® C.(Y),6%) in terms of H,(X) = H,(C.(X),6X) and H,(Y) =
H.(C.(Y),6Y).
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Remark 15. Note that the construction of the tensor product of two complexes is a more
general construction. For two chain complexes (C,, d,) and (C7, 0.) we can always form the
chain complex (C, ® C?,§?) basically via the same recipe as before, that is

(C.®Chm= P CivC;

i+ji=n
& — (5. 1) ’
9. (4 ® Eg;,)—(&(a))@wﬂ 1)'a® 03

Theorem 15.3 (Algebraic Kiinnet Formula). Suppose C. and C, are complexes of free
Z-modules, then for each n there is a natural split short exact sequence of the form
n—1
0—>@ L) ® H,_i(CL)) = Hy(C. ® CL) = @ Tor(Hi(C), Hy—i—1(C")) = 0
1=0
If in the statement of Theorem 15.3 we let C, = (C.(X),0X) and C’. = (C.(Y),0)) we
obtain the “topological Kiinneth Formula”
n n—1
0= @B (Hi(X) @ Hyi(Y)) = Hy(X x V) = @D Tor(Hy(X), Hy—i1(Y)) = 0 (15.2)
= i=0
Note to get this equation, I am simultaneously replacing C, and C. as well as invoking
Theorem 15.2 to replace the middle term. Moreover, if we can show that the homology
groups of X and Y, that is H.(X) and H.(Y), are torsion free, then the last term in
Equation (15.2) goes away and we are left with the aesthetically pleasing formula
P (Hi(X) ® H,—i(Y)) = Hy(X x Y) (15.3)
i=0
Example 49. Let X =Y = S! and recall that Hy(S') = H,(S') = Z and is zero other-
wise. In particular, the homology groups are torsion free which puts us in the setting of
Equation (15.3).

Hy(S* x SY) = Hy(S") ® Hy(S') = Z ®z Z = Z(expected as this space is path connected)

Hy(S" x 8%) = (Hy(S") @ Hi(S")) @ (H\(S") ® Ho(S")) = (Z&2) ® (Z8z) =2 Z & Z

Hy(S" x S") = (Ho(S") ® Ha(S") @ (H1(S") @ Hi(S")) @ (Ha(S") @ Ho(S")) =00 Z®0=2Z
——— ~——

0 0
And for higher homology groups, we just end up getting zeros that is Hy(S* ® S*) = 0 for
all £ > 3.

Example 50. Let X = CP"™ x CP™. In general there are three approaches to consider in
computing the homology groups H.(CP™ x CP™), the first of which we will use in this
example.

(1) Build a “product cell” structure on CP™ x CP™.

(2) Use the isomorphism in Theorem 15.2

(3) Use the Kiinneth formula

Recall that CP™ was built with even degree cells and we showed

n Z if k < 2n and k-even
H{(CP") = {0 else
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Once again, the homology groups are Torsion free and we are in the set up of Equation (15.2)
if we wanted to use the Kiinneth formula directly. Now let X = CP* x CP2. We will use the
cell structure on the individual spaces CP* and CP? as well as the recipe in Equation (15.1)
to get

C,(CP%):

8 6 4 2 0
0—-7Z2—-0—-2—-0—-2—-0—-22—-0—>2—=0
C'*(CPQ):

4 2 0

0—-Z2—-0—-2—-0—-2—0

(CP'®CP*)n = @ Ci(X)® Cj(Y) = Z (Check other indices yield 0.)

i+j=12 84
(CP*®CP%)y = @ Ci(X)®C;(Y) = 822 @ 624 (Check other indices yield 0.)
i+j=10 ’ ’

(CP*®@CP?)5 = @ Ci(X)®Cj(Y)=Z & Z & Z (Check other indices yield 0.)

i+j=8

(CP*®@CP?)4 = EB Ci(X)®C;(Y) = 5} ® 422 ® 224 (Check other indices yield 0.)
i+j=6 ’ ’ '

(CP*®CP?), = @ Ci(X)®C;(Y) = 420 ® 222 ) 0Z4 (Check other indices yield 0.)
itj=4 ’ ' ’

(CP*® CP?), = @ Ci(X)®C;(Y) = 220 ) 022 (Check other indices yield 0.)
itj=2 ' '

(CP'®CP?), = @ Ci(X)®C;(Y) =2Z®Z=Z (Technically all Z’s above are Z® Z = Z)

i+j=0 0,0
(CP* @ CP?),, = 0 for all other n.

The final computation, that all other chain groups are zero tells us that 92 = 0 for all 4

i.e. all the differentials are zero. This tells us that we have already computed the Homology
groups. For example % = Z—3 = Z3. Therefore we get
"Im(95) 0
Z if k=012
z? if k=210
z3 it k=4,6,8
0 else

Hy(CP* x CP?) =



87

16. INTRODUCTION TO COHOMOLOGY RING

Friday April 24th:

“What really matters is the work. And what matters to me is doing the work. I'm not
looking at the back end: “What am I going to get out of this? What’s going to be the

reward?” I'm just looking at the work, the pleasure of being able to do the work.”
-Robert Redford.

Before we can define this object, we need to understand cohomology groups first. Then by
taking the direct sum of the cohomology groups and defining the cup product we arrive at
the cohomology ring. Even though I will define everything for Z-modules, you can verbatim
replace it with an R-module (for a commutative ring with unity) and everything goes through.

Definition 39. Let A be a Z module and G any abelian group. Then the set
Hom(A;G) :={f: A= G| fla+d) = f(a)+ f(d) for all a,a’ € A}

is in fact a Z-module. The rule of addition is (f + ¢) : A — G is defined as the function
(f +g)(a) = f(a) + g(a) and the rule of multiplication is given by z - f :== A — G by
(z- f)(a) = z- f(a). If we let G = Z then the set Ax = Hom(A;Z) is called the dual of A.

How can we combine maps from different Hom sets? Let A and B be Z-modules and G
an abelian group. Let g : A — B be a homomorphism and o« € Hom(B; G) and notice that
we get following commutative diagram

A<T

Thus g induces a map, denoted by g*, on the Hom sets, that is
g" : Hom(B; G) — Hom(A4; G)
g'(a) —aoy
This allows us to go from a chain complex of Z-modules to another chain complex of
Z-modules, except with arrows going the other direction (sometimes called a “co-chain”).
Without defining it for a fixed abelian group G, Hom(—; G) defines a contravariant functor

from complexes of Z-modules to complexes of Z-modules. Start with a chain complex of Z
modules

nl

= O, —>(Jn1—>0n2—> —>(Jli>()o—>0

I need to tell you what Hom(—; G) does to the groups in the complex and what does it do to
the maps d,. The groups are clear, they go to Hom(C\; G). For ease of notation, we define

Hom(0,; G) := 0, : Hom(C,,_1; G) — Hom(C,; G)
o(f:Ch1 = G)— fod,:C, —G.

and now the complex becomes

- < Hom(C,,; G) O Hom(C,,_1; G) % Hom(C),_2;G) < -+ < Hom(C}; G) na Hom(Cy; G) < 0
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To distinguish this from homology groups we denote the cochain complex (or the complex
with arrows in the increasing direction!) as C* = (Cf,0;) where C; = Hom(C};; G) and

0f = Hom(0;; G). You can think of it as the superscript saying “the degree is going up i.e.
from lower degree to higher”.

Definition 40 (Cohomology of a chain). Given a cochain complex we define its cohomology
in degree n as

ker(0p,41)

Im(0,,)
Ezxample 51. Let us compute the Hom group (Z™)* := Hom(Z™; Z) and show it is isomorphic
toZ™. Let ey, ..., e, be abasis of Z™ and define e} € (Z™)* as the delta-Kronecker function,
Lif j =k
0 else.

H"(C*;G) =

that is ef : Z™ — Z as e;(e;) = Now one can check that e;’s generate

Hom(Z™;Z) as a Z-module and that the mapping e, — e; extends to an isomorphism
between Z™ and (Z™)*.

Example 52. Consider the following chain complex

02z 90,7 yZ 27 9.4

where its homology is given by

(Z  ifi=0
Z, ifi=1
H; =<0 ifi=2
Z ifi=3
L0 else.

Applying Hom(—, Z) and using the previous example, we get the groups are still Z and

0 «— Hom(Z,2) <TZ)H0m(Z Z) jHom (Z,2) 02 Hom(Z Z)«5—0

Recall that Hom(h,Z)(f : Z — Z) = f o h. So all the maps Hom(0,Z) are indeed the
zero map as composition with the 0 map yields the 0 map. Then Hom(2,Z)(f : Z — Z) =
fo2=f(2-2)=2- f(z) = 2f thus the map Hom(2, Z) is still just multiplication by 2.

0 < Z < Z Z < Z ———0
0 N~~~ 0 ~— X2 0 N~~~ 0
c3 c? ct co

and now the cohomology groups are

(Z ifi=0
0 ifi=1
H =27, ifi=2
Z ifi =3
L0 else.
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The content of the next lemma basically says that applying Hom(—, Z) translates to taking
transpose.

Lemma 19. If A : Z"™ — Z" has the matrix A with respect to basis ey, ..., e, on Z™ and
the basis fi,..., fn on Z™, then Hom(A,Z) : Hom(A,Z") = (Z")* — Hom(A,Z™) = (Z™)*
has the matriz (A*)pxn = AT with respect to the dual basis €, ... e, and ff,..., fr.

We can now take any of our earlier constructions of homology and replace with cohomology

with coefficients in G that is
o C3™8(X)-singular chain complex — Hj,.(X; @) Singular cohomology
e C2(X)- A-chain complex — HX(X;G) A-cohomology
o CYW(X)-Cell complexes — Hyw(X; G) Cellular cohomology

Example 53. Let K be the Klein bottle and recall its A-complex structure:
The A-complex is given by

0 —— Z(U,L) =2 Z{a,b,c) 2=% Z(v) —2 0

where 62(U) = b —c+ a and 6,(L) = a — b+ ¢. This, and the fact that 6; = 0 implies

1 1 20
9 =10,0,0)and 6o = | 1 —1| ~ [0 1| which yielded the following homology groups
-1 1 00
Z ifi=0
H(X)=Z®Z, ifi=1
0 ifi =2

Applying Hom(—, Z) we now get

0+ Z(U* L7 <2 Z(a* b, ) S0 zr) <2 g

0 _
where 67 = |0| and 05 = E _11 _11} ~ (2) (1) 8] Thus the cohomology groups are
0 L
(2 ifi=0
Z ifi=1
HA(K;Z) =
alk;2) Z, ifi=2
0 else

\

Monday April 27th:

“I'm interested in that thing that happens where there’s a breaking point for some people
and not for others. You go through such hardship, thing that are almsot impossibly difficult,
and there’s no sign that it’s going to get any better, and that’s the point when people quit.
But some don’t. ”

-Robert Redford.
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I will again assume A and B are Z-modules for simplicity but you can easily replace them
with R-modules for any commutative ring with unity. (Even commutative isn’t necessary at
which point we need the appropiate left /right R-module.)

Definition 41 (Ext(A, B)). Let

0—>F1i>F0—>A—>O

be the free resolution of A, described in more detail in Remark 14. Applying Hom(—, B) to
the resolution yields

Hom(Fy, B) & Hom(Fy, B) + Hom(A, B) « 0. (16.1)

Notice that we can make the the sequence in Equation (16.1) exact by adding the cokernel
of H*, that is the following sequence is exact:

0 + coker(h*) + Hom(F, B) & Hom(F,, B) + Hom(A, B) + 0.
The group cokerh* is defined to be Ext(A, B).

We can immidiately observe that Ext(A, B) is again a Z-module as it is the quotient
of a Z-module, namely Hom(F}, B) by another Z-module, namely Im(h*). In particular,
Ext(A, B) has the structure of a group.

One way to think about this definition is that Ext(A, B) “measure the lack of exactness
of the dualized complex.” I never introduced this terminology but the complex we get after
applying Hom(—, G) is called the dual of the initial complex and applying Hom(—, G) is
sometimes referred to as “dualizing the complex”.

Remark 16. Technically what we have defined here is called the “first Ext group” as it is
computed in degree 1. Moreover, when we write a free resolution of A i.e.

0= F B E 5 A0

the resolution part doesn’t include A. So we are applying Hom(—; G) the everything that is
not A. (Although you can write it if you wish and sometimes it computes to zero anyways
like the next example.)

Ezample 54. Let us compute Ext(Z,,,Z). Consider the free resolution of Z,, given by
0—-Z2-%72—-2,—0.

Applying Hom(—; Z) we get

Hom(Z,Z) "2 Hom(Z, Z) « Hom(Z,,Z) « 0
—————
0

Z<—Z+0+0
Now note that coker(Z <~ Z) = Z,, therefore Ext(Z,,Z) = Z,.
Ezample 55. Let us compute Ext(Z,,,Z,). Note that

0-2-""%572—-272,—0
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is a free resolution of Z,,, to which we apply Hom(—, Z,,) and get

0 < Hom(Z,Z,) "™ Hom(Z,Z,) + Hom(Z,n, Z,) « 0

irrelevant part

One can show that Hom(Z,Z,) = Z,, and Hom(Z,,,Z,) = Z; where d = ged(m,n). More-
over, similar to previous computations we did in class, Hom(-m, Z,,) is just multiplication by
m thus the complex becomes (more precisely is isomorphic to)

0 Z, ¢ Z,+Z40
What's left is to compute cokernel(-m). Let n = kyd, m = kod and d = sn + tm for integers
s and m. First the image of multiplication by m is generated by [m],. I first claim that

([m]n) = ([d]s). The inclusion C is clear as m = kod. The other inclusion is also clear since

d=sn+tm=tm( mod n).

Thus Im(-) = ([m],) = ([d],), however note that |([d],)| = k1 and thus =2 =dand

ko

Z,
([d]n)
=~ Z,. Therefore Ext(Z,,Z,,) = Z,.

n

Z,
([d]n) ([d])
Proposition 6. Let H be a finitely generated abelian group and G any abelian group. Then

(1) Ext(H ® H',G) 2 Ext(H,G) ® Ext(H', G)
(2) Ext(H,G) =0 if H is free
(3) Ext(Z,,G) = G/n-G

since is cyclic we get that

Both of the previous examples can be directly deduced from item 3.

Theorem 16.1 (Universal Coefficient Theorem for Cohomology). If (Ci, ) is a chain
complez of free abelian groups with homology H,(C.) then the cohomology of the dual cochain
complex (Hom(Cy; G); 0*) is determined by the split short exact sequence

0 — Ext(H,_1(C,),G) — H"(C,; G) - Hom(H,(C,), G) — 0.

The map h in the statement of Theorem 16.1 is defined as follows: an element ¢ €
H"(C; @) is an equivalence class of a map ¢ : C;, — G. Applying h simple sends ¢ to the
equivalence class of its restriction to Z, i.e. h([¢]) = [¢z,]. The well-definedness of this map
is justified in Hatcher page 191. Moreover, h is a surjective homomorphism.

Note that if Ext(H,—1(C\),G) = 0 then h becomes an isomorphism and we get

H"(Cy;G) = Hom(H,; G)

Corollary 11. If H,(C,) and H,_,(C.) are finitely generated such that H, = Z° & T, and
H, 2271 ¢T,, then

H"(C*,6"2) =27 o T,_,.
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Example 56. Consider the Klein bottle K. Recall that

V4 if k=0
7 HE=0 ZD T, if k=1
_ e k _ 0
Hy(K)=12Z®Z, ifk=1= H"(K) 0a T $ k9
0 else ~—~
Zs
kO ifk>2

Recall that when we defined homology we defined something called the total homology
group which was the direct sum of all homology groups i.e.

H.(C,,0.) = ) Hi(C.,0.).
k>0
Similarly, the total cohomology group is defiend as
(", 0%) = @) HH(C*, )
k>0

For example, the total cohomology for the Klein bottle is Z & Z & Z,. Turns out that the
cohomology group is endowed with a product which makes it a ring. This is called the cup
product.

Definition 42. There is a bilinear map on singular cochains as follows:
—: O*(X) x CHX) — C*(X)
( ¢ ) (0 ) — ¢ — ¢ € Hom(Cy(X); Z)
—~— —~—
€Hom(Cy(X);Z) €Hom(Cy(X);2)
where (¢ — ¥)(7: A = X) = §(7ljug,...)) * V(T i)

Multiplication in Z
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